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Abstract—An asymptotic analysis of the problem of unsteady-state heat and mass transfer of a droplet at
commensurable phase resistances in the case of high Peclet numbers is carried out. The problem is considered
in nonlinear statement when in the boundary condition of phase equilibrium on the droplet surface the
concentration of a dispersed phase is arbitrarily dependent on continuous phase concentration. The dynamics
of heat and mass transfer is shown to be qualitatively very different over three characteristic time intervals, the
boundaries of which depend on Peclet number. The first time interval, 0 < ¢ < O(in Pe){tis the dimensionless
time), is characterized by the formation of unsteady-state diffusional boundary layers on both sides of the
droplet surface {which are as yet qualitatively identical), with the internal boundary layer generating a
diffusional wake near the flow axis. Over the second time interval, O(ln Pe} < 1 < O(Pe), the developed
internal diffusional wake starts to interact with the boundary layer and ‘smears’ it severely (here, the boundary
layers outside and inside the droplet are already substantially different), as a result of which the thickness of the
internal boundary layer increases considerably in a gradual way. Over the last time interval, O{Pe) < t, 2
further rearrangement of the concentration field is observed so that the boundary layers are practically no
longer present; the concentration outside the droplet becomes constant and equal to the nonperturbed
concentration at infinity, while inside the droplet a substantially unsteady-state process occurs when
concentration on each fixed streamline has already fully become equalized (at the expense of repeated liquid
circulation along the closed streamlines), while mass is transferred by molecular diffusion in the direction

normal to the streamlines.

NOMENCLATURE

corresponding to the distance reckoned
from the midsection of the droplet along

a droplet radius
HUS . ine y® =

C,,C,  concentration in continuous and T :?gf?;f;:;ﬂi‘gi 4 elg rsg;l:ti'nsi de
dispersed phases

C10,Cyo concentration in continuous and ﬂlle d;olziet cc;lrppiel/tjcfzs)a turn ationg a
dispersed phases at time zero closed streamiine, Y= = const.

Gy chsﬁacteristic concentration, {characteristic tix}e of delay)
Cio—F(Cyo) T.T,  temperature outs§de and %nsxrde a droplet

& dimensionless concentration in Ty Ty temperature outside and inside a droplet
continuous phase (outside the droplet), attime zero i
1-+(Cyo—C)Ci t d-lmensmnless time, o~ 'Ut,

¢, dimensionless concentration in Ly time

. L by characteristic hydrodynamic time, al/ ~?

dispersed phase {inside the droplet), RO ) I
(Cro—Co)C; 1 ty characthsuc diffusional time, a*D;

g Laplace—Carlson transform of U - ;hara;:;enls;ictfiocity of translational
concentration ow, (p+ £

D,,D, diffusion coefficients in continuous and U characterisltlc velocity of shear flow,
dispersed phases aG{f+1) o

F(C,)~C, = 0 condition of phase equilibrium U nonperturbed flow velocity at infinity
on droplet surface u; dimensionless liquid velocity vector

G shear coefficient outside (i = 1) and inside (i = 2} a

g GO droplet

Guslmd32 MELTIC tensor components Y strﬁgched boundary layer coordinate,

n exponent determining the phase Pe(1—7)
equilibrium law, equation (2) z r cos 0.

Pe Peclet number, aUD; !

r complex parameter of Laplace-Carlson Greek symbols
transfvormanon. ) o phase equilibrium constant

r8.p spherical coordinate system associated B ratio between the dynamic viscosities of
with droplet ’ . droplet and surrounding liquid

5 continuous "through’ coordinate ¢ ‘stretched’ stream function, Pel/2 y®
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(C] dimensionless temperature outside
(i = 1) and inside (i = 2) a droplet.
(Tyo = T)AT30—Tho)

K ratio of continuous and dispersed phase
diffusion coefficients, D,/D,

A root of equation (18)

A thermal conductivities of liquid outside

(i = 1yand inside (i = 2) a droplet
cos 0

i sin ¢

‘slow’ time, Pe !t

stream functions corresponding to the
flow outside and inside a droplet
l/,(z)

curvilinear orthogonal coordinate
system associated with streamlines
¢ = ¢? = const.

w cyclic variable.

1. INTRODUCTION

IN THE linear formulation the problem of convective
mass and heat transfer of a droplet at commensurable
phase resistances at large Peclet numbers was
investigated earlier in refs. [1-10]. Thin diffusional
boundary layers were postulated to exist on each side of
the interface [1-8], beyond which the concentration
was assumed to be(identically)constant ;inrefs.[ 1.2, 5]
the problem was solved in a steady-state formulation.
The solutions obtained in refs. [3, 4, 6-8] exhibited a
steady-state behaviour corresponding to some in-
homogeneous distribution of concentration in boun-
dary layers. It defined the average Sherwood number
which was different from zero and proportional to the
square root of the Peclet number. In ref. [9], the
complete problem of mass transfer of a droplet at
commensurable phase resistances was modelled by the
equation of transport inside a droplet with the
boundary condition on the surface which reflected the
nature of mass transfer in 2 continuous phase. In ref.
[10], the concentrational boundary layers and also the
diffusional wake originating outside and inside a
droplet were described qualitatively. Also shown was
the predominance of mass transfer inside a droplet.
The internal problem of the unsteady-state
convective mass and heat transfer, when the resistance
to transport is completely concentrated inside a
droplet, was much investigated earlier by analytical [ 1-
8,11]and numerical [12-20] means. Inrefs. [1-8, 11] it
was assumed that the Peclet number was large, and two
completely different approaches were used to analyse
the problem. In ref. [11] (see also ref. [10]), an
approximate solution was constructed in the assump-
tion that concentration along the streamlines is
constant and mass is transferred by molecular diffusion
in the direction normal to the streamlines. In refs. [ 1--8],
the solution of the internal mass and heat transfer
problem was obtained as a limiting case of the problem
at commensurable phase resistances in the assumption
that there were diffusional boundary layers on each side
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of the interface. These two different approaches to the
solution of the internal problem lead to substantially
different results for the dimensionless average
diffusional flux I on the droplet surface. According to
ref. [ 117, the solution is a substantially unsteady-state
one, and the property
lim /=0

is fulfilled, while the results of refs. [ 1-8] lead to another
solution which is nonstationary only over the initial
segment and

lim [ = O(Pe''?).

1=

The internal problem of convective mass and heat
transfer was also investigated numerically using the
finite-difference schemes [12-20]. A qualitative
disagreement of the results was also observed
depending on the scheme selected (compare, e.g. refs.
[12-14] and [19, 20]).

The differences observed [ 1-20] gave rise to a mutual
criticism of the methods used and results obtained (see,
e.g. refs. [3, 9, 10, 12, 18, 207). Thus, on the basis of
comparison of the experimental [9] and predicted [ 19,
207 results, the inference was drawn [9, 19, 20]
concerning the applicability of the Kronig and Brink
model suggested in ref. [11].

In particular, it will be shown in what follows that:

(1) theresults ofrefs.[3,4,6-8] are applicable onlyin
the initial, rapidly progressing stage of the process
(before the internal diffusional boundary layer starts to
interact with the diffusional wake it generates) and that
they are inapplicable in most important, intermediate
and final, stages of the process;

(2) the Kronig and Brink model {117 and the resuits
of modelling [9] poorly reflect the dynamics of the
process of mass and heat transfer inside a droplet
during the initial and intermediate stages of the process
and reflect it well in the final stage.

2. STATEMENT OF THE PROBLEM

Consider an unsteady-state convective mass and
heat transfer between a droplet and a continuous
medium in the case of commensurable phase
resistances. Itis presumed thatat the droplet surface the
following condition of phase equilibrium holds

C, = FC) (F0) =0, dF,/dC,=0. (1)

Here, F,(C,)Cy ! is the distribution coefficient [21]. It
is usually assumed that the function F, depends
linearly on concentration F,(C,) = aC, [1-8]. It has
been shown [9,22] thatin a number of cases the power-
law dependence should be used

FC)=aC" (0.5<n<20), (2)

where, e.g. n = 0.6 [22]. Below, a most general case of
the arbitrary dependence F, = F(C,), [equation (1)],
will be considered.
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1t is assumed that at time zero the concentrations
outside and inside a droplet are constant and equal to
C,oand C,,, respectively ; it is regarded in this case that
the requirement for the nontriviality of the problem is
met: C;O # F*(Clg).

In dimensionless variables, in the spherical
coordinate system r, 8, ¢ associated with the droplet,
the corresponding unsteady-state boundary-value
problem for the concentration fields in continuous and
dispersed phases is

dey

= +(u, Ve, = I_;:;Ac1 1 <r< o), (3
%Cf Ve, = —g;Acz O<r<1), @
t=0,c,=1,c,=0; roow,c; =1, &)
r=1,c, =F(c,),x%=%, )
¢, =1+ CmC:C‘, Cy == CZOCICZ ;
Fic,) = T 76 ~CI::*(C,),
Ch = Cyo—F(Cy), Pe = %’ K= %i’ - %'

In the above, the characteristic scales of length and time
were chosen to be the quantities a and aU ™!, The
quantity C,, as noted in the Nomenclature, is the
characteristic concentration [in the linear case corre-
sponding to n = 1 in equation (2), Cy, = C,o—aC;,
and F(c,) = ac; —a+11.

In what follows, for the sake of definiteness, it will be
assumed that the distribution of liquid velocities, u,,
outside and inside a droplet is governed by the
Hadamard-Rybczinski solution [23, 24] which
corresponds to the steady-state translational Stokes
fiow around a spherical droplet

YO = L1 —p)[2B+ 1)r— B—Pr~1] sin? 6,

I€r<w

™

e,

{1
w,
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YR =L1-rYsin* 6, 0<r<1
1 o
rlsind 86 °

= G400, P = —

Lo

uff .
rsinf or

In writing equations (3)~(7), the characteristic flow
velocity was chosen to be the quantity U =
B+ 1)U, The angle 0 is reckoned from the flow
direction at infinity (Fig. 1).

It should be noted that the limiting cases of the
restricting internal and external phase resistance
correspond to the limiting transitions in equations (2)-
{6) at o —» 0 and a— co. In particular, at a =0 in
equation (2) the concentration distribution in the
dispersed phase (i = 2) is determined by solving a
purelyinternal problem, which is described by equation
(4) with the initial and boundary conditions

®

In what follows, the emphasis will be given to the
most important case of commensurable phase resist-
ances which is controlled by the equality F(c,) = O(1)
at ¢; = O(1). This, for example, is always the case in
a similar thermal problem (for details see Section 8).

It is furthermore assumed that the Peclet numbers,
corresponding to continuous and dispersed phases, are
large and of the same order, i.e. the relations Pe > 1,
k = O(1) are valid.

The unsteady-state problem investigated, equations
(1)H6), has two different dimensional characteristic
time scales, t,, and ¢,

t=0,¢,=0; r=1c¢c,=1

t,=alU™l, ty;=a’D;},

®

the first of which corresponds to the characteristic time
of liquid circulation inside a dropiet (hydrodynamic
time), and the second to the characteristic time of
penetration by diffusion (diffusional time). The equality
ty/ty = Pe yields that at large Peclet numbers the
diffusional time is larger than the hydrodynamic time.
This results in qualitatively different dynamics of mass
transfer inside (and outside) a droplet depending on the
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ratio between the instantaneous dimensional time ¢,
and characteristic times ¢, and t,, i.e. it is possible to
introduce two dimensionless times in the present
problem, r = t_/t; and t = ¢, /t,, which should provide
a basis for further asymptotic analysis.

3. INITIAL STAGE OF THE PROCESS

An asymptotic analysis of the problem, equations
(1)«7), at large Peclet numbers Pe > | shows that in the
whole flow region outside and inside a droplet it is
possible to distinguish the flow cores e;, the regions of
diffusional boundary layer d; and the regions of
diffusional wake W; i = 1,2 (Fig. 1).

Att < 1, the convective term in equations (3) and (4)
can be neglected, and the solution here corresponds to a
thin ‘shock’ spherical layer located outside and inside a
droplet near its surface, i.e. the layer owing its origin to
the disagreement between the initial and boundary
conditions, equations (5) and (6), at F(1) # 0.

Att = O(1), the convective terms in equations (3) and
(4) will have the same order as the unsteady-state term;
in this case the concentration in the flow core remains
equal to the initial concentration, ¢ = 1 and ¢’ = 0,
and diffusional boundary layers develop near the
droplet surface

i = {r—11< 0(Pe '?),
O(Pe™ Y2 < 0, O(Pe %) < n— 0},

(here and hereafter the inequalities within braces
specify the order of the characteristic dimensions of the
region considered), which as yet show similar
qualitative behaviour on each side of the droplet
surface. Theintroduction of a new ‘stretched’ boundary
layer coordinate Y into equations (1}+7), initial and
boundary conditions, with subsequent separation of
higher order terms of the expansion in Pe™ '/ leads to
the following boundary-value problem

. a a
AP @ — 0 AY = — 4 Yy
E a TRy
¢ 32
I =p)— —Kki——, (10
+2(1—p )aﬂ 3y2 (10)
t=0,=1¢"=0, (1
Yo —c0, =1, Y- +o,-0, (12)
de®  ae
Y =0, = F(cl®), kb = —=, 13
2 (ct), 3y F3% (13)
Y = Pel?(1—r), p=cos 0; Ky =K Kky=1
(i=12).

In order to carry out the analysis, equations (10) [25,
26] are rewritten in terms of new variables (x,{,®)
which are expressed through former variables (¢, Y, )
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by the formulae

x = x(p) = Q2 —w(1+p?

{= 000 = $ Y= 12%) = Pelizg®, (14)
i
w=w(tp=t—In —+l{
l—u
As a result, equations (10) take the form
dcl® oY
= - (6 = X, w)). (15)

= K~
0x ot

The ordinary parabolic equations with constant
coefficients, equations (15), are much simpler than the
initial equations with variable coefficients, equations
(10), and do not contain (in an explicit form)the variable
w, which is similar to the cyclic variables in analytical
mechanics.

The boundary conditions for equations (15)at{ =0
and (- +oo are derived by a simple (formal)
substitution of { for the coordinate Y in equations (12)
and (13).

Takingintoaccount that equations(15)are invariant
with respect to the change of the variable x — x+ X(w),
where X(w)is any function of the cyclic coordinate , it
is not difficult to show that the solution of equations
(10){13) can be represented in the form

C§d) = C}d)(ﬂi C’ w) = Ai + Bi

x erf

i<l
{2"z1 [ x(1)— x(—tanh w/2)]'1? } (16)

Here, constants 4, and B; are determined by sub-
stituting equation (16) into initial and boundary con-
ditions, equations (11)-(13), and are prescribed by the
formulae

Ay =1k V2 B =ik V2 A, =4, B, = — 4,
(17

where the parameter 4 can be found by solving the
algebraic (transcendental) equation

A= F(l— =13, (18)

In the linear case, corresponding to n = 1 in equation
(2), formulae (16)—(18) go over into the results of refs. [4,
6].

One verifies easily that

Sh Ll
— =4 Sh=4 =} d
Shy ™ ZKJ_,(ar ),:1 #

1 N
! f (‘(.%) d, (19)
\or /.oy

where Sh, is the mean Sherwood number which is
determined by solving a purely internal unsteady-state
problem, equations (4) and (8), and which corresponds
to the following values of the parameters A, = 1,
B, = —1 in equation (16).

Figure 2 shows the behaviour of the normalized

I
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mean Sherwood number, equation (19), determined by
the solution of the algebraic equation, equation (18),
depending on a change in the complex o = «Cl5 'k ™2
for the phase equilibrium power law, equation (2), at
C10 =0 (which corresponds to C, = C,q, Flc,) =
1—aCig (1 —~c,)" for n = 1/2, 1, and 2. It is seen that
the mean Sherwood number increases monotonically
with n and decreases with an increasing phase equili-
brium constant o.

4. CONCENTRATION DISTRIBUTION IN A DIFFUSIONAL
WAKE. THE REGION OF APPLICABILITY OF THE
‘BOUNDARY LAYER APPROXIMATION’

It is not difficult to show that equations (16) become
inapplicable in the vicinity of the efflux point 6 =
O(u = 1), where the formation of the internal and
external diffusional wakes W, occurs. In the external
wake, the substance depleted by diffusion is entrained
by the flow from the droplet surface to infinity and does
not exert the reverse effect on the external diffusional
boundary layer, which generates this wake. A much
more complex situation is observed in the interior of the
droplet. At ¢t = 0, the concentration distribution inside
of a droplet is uniform, and the diffusional wake W, is
absent;att > 0,the diffusional wake starts toformand,
gradually ‘moving’ along the flow axis, it sprouts
through the entire droplet volume after which it starts
to interact with the internal diffusional boundary layer
d, exerting on it a reverse effect.

The diffusional wake W, is substantially nonuniform
and consists of the rear stagnation point region
WP = {1—r < O(Pe™%),0 < O(Pe™1/%)}, convective
boundary-layer wake region WY = {O(Pe /%) g
l—r, O(Pe™) <y(2) < O(Pe™?)}, internal wake
region W = {O(Pe %) < 1—r1, 0<y® < O(Pe™ 1)}
and of the region of the forward stagnation point
by = {1—r < O(Pe~2), n—0 < O(Pe™12)} (Fig. 1).
The procedure of obtaining the equations and
boundary conditions for the distribution of con-
centration in these regions is completely similar
to that used in refs. [27, 28]. The substance coming
from the boundary layer is transferred in the main
in the convective-boundary layer region of the dif-
fusional wake W4, the distribution of concentration
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in which is determined by

ac)
—%Zﬂ*a% =0, n="Pe'*p.

ac(l) c(l)
G VP hat

)
o 2 oz

(20)

Here, z=rcos 0, p=rsin 8 is the cylindrical
coordinate system associated with the droplet centre ;
is the ‘stretched’ coordinate. Equation (20) is derived by
introduction of new variables z and # into equation (4)
with the subsequent separation of higher order terms of
the expansion in the small parameter Pe ™ '/2. [Here, as
always, it is assumed that n = O(1), dc"/on = O(1),
8%cP/on? = 0(1).] In terms of the new variables z, {,
'Y, where

14z
1—-2’

{ = Pet?y@ =Lp¥(1-22), &V =t+In (21

.equation (20) yields dci/dz = 0 for the concentration

in the convective boundary-layer region of the
diffusional wake, from which it follows that the general
solution of equation (20) has the form

P = o, V). 22)
Here, ®@is an arbitrary function of both arguments { and
.

The condition of the asymptotic matching (agree-
ment) of the solutions in the diffusional boundary-layer
region, equations (16)«18), and in the convective
boundary-layer region of the diffusional wake,
equation (22), is written as

lur = omnc

It determines the explicit form of the function ® and,
consequently, the distribution of concentration in the
region WiV

P =91, 0V -3 1n Pe+In {~41n2). (23)

The matching procedure in this case can be much
more easily understood if one replaces the two local
coordinates u(in the region d,)and z (in the region W)
by one continuous ‘through’ coordinate s (both in the
region d, and W) which is reckoned along the
streamlines of flow; the origin of the coordinate s is at
the droplet midsection 6 = n/2, with s being the
distance from the surface 8 = /2 along the fixed
streamline ¥‘* = const. It is easy to verify that in
the diffusional boundary layer d,, the local coordi-
nate is expressed in terms of the continuous one as:
u=sins (0<s<m2), while in the convective
boundary-layer region of the wake W'V, the relation-
ship z =n/2+1—s(n/2 < s € n/2+2) is valid. Note
further, that the local variables @ and ¥ are the
characteristics of the truncated equations, equations
(10) and (20), at 9/0Y = 0%/9Y? = 8/dn = 0. Taking
into account the equality (u,V)c, = |u,|dc,/ds, it is
not difficult to verify that the local variables w and o'V,
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corresponding to the local coordinates p and z, can be
substituted by one continuous cyclic variable

~ J“ ds
0 = [ - s (24)
o fus]

with the aid of which the solutions in the diffusional
boundary layer and convective boundary-layer region
of the wake inside of a droplet can be written as

e = Pl a), & = B, @) (25)

The matching of expressions (25) [in contrast to
equations (16) and (22)] no longer involve any
difficulties and can be easily done; in this case a direct
computation of @ in the region W with subsequent
transition from the continuous coordinate s to the local
coordinate z leads to formula (23). The presence of
logarithmic terms in equation (23} is due to the specific
nature of the integrand where the liquid velocity u, is
close to zero and is substantially inhomogeneous in
l/](2)‘

Equation (20) corresponds to purely convective
substance transfer without any changes along the
streamlines. The concentration profile in W' is
governed by the concentration distribution at the
‘outlet’ from the diffusional boundary layer d,. [t is seen
fromformula (23)thatin the convective boundary-layer
region of the diffusional wake WY, there is a
substantial delay with a characteristic time § In Pe [as
always, it is assumed for WY that { = O(1)] and this
delay is different on different streamlines { = const.
This dispersion of the delay time is due to a nonuniform
distribution of liquid velocities near the critical efflux
point8 = 0;inthiscase, asitfollowsfromequation(23),
the substance transport near the flow axis ({ < 1) is
practically absent, and the delay is very large. At greater
distances from the flow axis, the liquid velocity in the
vicinity of the efflux point increases and the delay
decreases.

That the diffusional wake could fully develop (ie.
could ‘sprout’ through the entire droplet volume) and
start to interact with the diffusional boundary layer d,,
the continuous coordinate s, after it ‘moved’ along a
fixed streamline near the flow axis and ‘passed’ the
vicinity of the forward stagnation point # = 7, must
arrive at the region d,. Then, due to a complete identity
between the liquid velocity fields in the vicinities of the
forward (0 = =) and rear (0 = 0) stagnation points, the
time of delay should double.

1t follows from the above analysis that the region of
applicability of the boundary-layer solution, equations
(16)(18), is restricted by the interval 0 < t < T, where
T is the characteristic time of delay

T=1InPe—-2{+8In2=0(n Pe) (Pe> 1)
(26)

The characteristic time of delay T has a simple
physical meaning. Namely, determine T from the
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following formula (K is the full first-kind elliptical

integral)
1—-/¢
1\\/(_ .,“/;;)1
T+y<)

T =T = 55
f=16y, (27)

which corresponds to the time required for a liquid
element inside a droplet to make a complete turn along
the closed streamline ¢'® = const, which passes
through the region of the diffusional boundary layer 4,
and also the convective boundary-layer region of the
diffusional wake W4, i.e. in the limit at

ds 8
ol JHI+8

Pe —» oo, '3 = Pe” V7, { = O(1). {28}

As a result of the expansion of T(¥/'*), formulae (27)
and (28) yield equation (26).

The results obtained can be interpreted as follows.
Since the liquid flow velocity inside of a droplet is finite,
then first, at small times ¢t < T, a homogeneous
concentration, coming from the bulk of the liquid,
enters the region of the forward stagnation point b,.
This takes place until the solution, which arrives from
the “end’ of the boundary layer 4, into the diffusional
wake W, and which has been enriched at the expense of
substance influx from outside through the droplet
surface, will not arrive at the ‘origin’ of the diffusional
boundary layer after having travelled the whole path
near the flow axis. The characteristic time of substance
transport in the diffusional wake of the droplet
determines the region of applicability of the solution.
equations (16)-(18), which at ¢ > T ceases to correctly
describe the distribution of concentration in the
diffusional boundary layer {owing to a change in the
‘flow incidence’ conditions).

Formula {26) allows a remark regarding the
qualitative behaviour of the basic characteristics of
mass transfer outside and inside a droplet. At very large
Peclet numbers, such thatIn Pe > O(1), expression {26}
yields T > O(1). The dimensionless characteristic
relaxation time ¢, [3, 6] from the diffusional boundary-
layer solution, equations (16}-(18), is t, = O(1) and is
smaller than the characteristic time of delay, t, < 7.
This means that at very large Peclet numbers, the
diffusional boundary layer located on each side of the
droplet surface, manages to develop ecarlier than
the internal boundary layer starts to interact with
the internal diffusional wake generated by this layer
[i.e. the steady-state solution

9 = lim ¥, {, olt, )
o
can be considered as an intermediate asymptotic of the
solution for a general unsteady-state problem in the
regions d,]. This attaches a certain meaning to the
steady-state solutions obtained in refs. [1, 2, 5]. It
follows from what has been said above that the
dependence of the mean diffusional flux at the droplet
surface on time should have a characteristic flat
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segment corresponding to the intermediate ‘stationary’
regime.

5. INTERMEDIATE STAGE OF THE PROCESS

In the intermediate stage of the mass and heat
transfer process at O(ln Pe) <t < O(Pe), the diffu-
sional boundary layer equations, equation (16), still
remain valid, but the solution here, in contrast to
equations (16)-(18), is no longer a self-similar one, since
it is necessary to take into account the mutual effect of
the diffusional wake W, and of the boundary layer d,
inside of a droplet. As aresult of interaction, the internal
diffusional wake strongly ‘smears’ the diffusional
boundary layer d, (here one can notice already a
marked qualitative distinction between the boundary
layers outside and inside of a droplet) and this leads
gradually to a substantial thickening of the internal
boundary layer. In order to simplify the presentation
and the mathematics, the study is limited to the
dynamics of mass transfer process in the intermediate
stage O(In Pe) <t < O(Pe) for a purely internal
problem, which is described by equation (4) with initial
and boundary conditions, equation (8).

The solution of the equation for the distribution of
concentrationin a diffusional boundary layer,equation
(15) [to which the initial equation (10) is reduced after
the substitution of variables, equation (14)], which
satisfies the boundary and ‘initial’ conditions

{=0,c=1; x=0,¢8 - f(, 0)
(29)

[the first two of which follow from equation (8)], has the
form

{00, >0;

o = f ¥ G 05 XS ) dO*
0

{
+erfc {2[x_x(_tanh 60/2)]1/2},

(30)
1 w2
66 x) = 2./(nx) {CXP [ € 4i : ]

*)2
o] 2]}

The function f({,w) is as yet unknown and will
be determined later as part of the problem solution;
it is assumed that the second term of equation
(30) containing the sign of the additional prob-
ability function is, by definition, equal to zero at
x—x(—tanh w/2) < 0.

From the results of Section 4 [ see equations (23)~25)
with equation (30) taken into account] it follows that
the distribution of concentration of the substance
(which is dissolved in the liquid and which arrives from
the boundary layer) in the convective boundary-layer
region of the diffusional wake W4, which corresponds
to purely convective transport (without diffusion) along
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the streamlines, is determined as

& = J " G 0, x)f (% B) de*
[+)

{
+erfc {Z[XO —x(—tanh @/2)] 1/2},

xo=x(u=1 =23 (3l

The solutions obtained, equations (30) and (31),
should agree (match) with each other in the vicinity of
the forward stagnation point at § ~ =. By satisfying this
condition, one can arrive at the following equation to
determine the unknown function f

JG o) = J G((, §*, xo)f((*, 00— T) dL*
: } (32)
2[xo— x(—tanh (w— T)/2)]¥* |’

+erfc{

where T = T({) is the characteristic time of delay,
equation (26).

The integral equation, equation (32), is the equation
with a delayed argument in the cyclic variable w,
therefore, for the problem to be correctly formulated, it
is necessary to show the ‘pre-history’ of the function f.

It is clear from the previous analysis (see Section 4)
that the function f should satisfy the condition

f=0 at t—T<0, (33)

which has a clear physical meaning of the finite nature
of the velocity of convective substance transport along
the streamlines (the fixed liquid element starts again to
interact with the boundary layer at the same space
point after it has completed its circulation along the
closed streamline).

Equation (32) can be presented in a more convenient
‘standard’ form if the explicit form of the relation w
= wlt, p), equation (14), is taken into account, and the
unknown function f is redenoted as

f(Caw) = fl(C,#st)’ f(C,CD—T) = fl(c’”st—T)'

In such a presentation, the equation for f;, equations
(32) and (34), depends parametrically on the coordinate
i, whiletheinitial condition,equation(33),isastandard
one. For the characteristic delay time T in equations
(32){34), one should use it as presented in equation (26).

It is seen from equation (32) that at t —» o0, f— 1
[direct verification can easily show that f=1 is an
exact specific solution of equation (32) which, however,
does not satisfy condition (34)]. This means that as a
result of interaction, the internal diffusional wake W,
strongly ‘smears’ the diffusional boundary layer d, and
this leads to a substantial thickening of the boundary
layer. Equation (32) remains valid until the linear
approximation of the stream function near the droplet
surface, and, consequently, equations (10) become
already inapplicable for a correct description of the
process. Using the procedure described, it is possible in
much the same way to obtain a system of integral

(34
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equations with a delayed argument (to determine the
unknown functions f and the surface concentration
g = C3l,=1), which would correctly describe the
dynamics of mass transfer outside and inside of a
droplet in the intermediate stage of the process in the
general case of commensurable phase resistances,
equations (3}-{6).

6. AGREEMENT BETWEEN THE ASYMPTOTIC
EXPANSIONS OF THE TRANSFORM AND INVERSE
TRANSFORM FOR THE LAPLACE TRANSFORMATION

In order to determine the asymptotic behaviour of
the solution to equations (3)+7) in the final stage of the
process [at ¢ > O(Pe)], one can make use of the
following useful remark which allows the detection of
many qualitative and quantitative aspects of the
asymptotic behaviour of unsteady-state problems with
small or large parameters by applying the Laplace—
Carlson integral transformation.

Suppose there is an (arbitrary) function X = X(1, ¢),
which depends on time and a small (large) parameter ¢
(to save space, the dependence of X on spatial
coordinates is omitted) and which in the limit

e—0, 1 =25t = 0(1), (35)

is expanded into an asymptotic series in ¢ (7 is fixed)

e>0, X=Y aX,(0); lim = =0 (36)
n=0 e—0 n
The variable t corresponds to a ‘fast’ or ‘slow’ time,
depending on a specific function J(¢) selected [a most
frequently encountered dependence is () = &].
Naturally, one can construct as many expansions of the
type, equation (36), as one pleases by choosing different
d(ey's. In specific cases, when the function X = X{t,¢) is
the solution of a certain boundary-value problem, the
choice of the dependence & = d(g) presents, as a rule, no
difficulties [21, 29, 30].
If X{(t,¢) is conformed with the inverse transform
X(p,¢) obtained by the Laplace—Carlson transform-
ation

o

X =X(pey=L-X, L'X:pj e Pt X(1,¢) dt.

0
(37

In the space of inverse transforms, to series (36) there
formally corresponds, by virtue of the properties of the
operator L, the series

< I

e—0, X=3% o)X, 9=~

o Y

Note that the asymptotic expansion of the function
X = X(p, ¢),series(37)ate — 0and p = (e)g,|q| = O(1)
is a unique one [30] for the prescribed asymptotic
sequence a,(g) and, consequently, coincides with
equation (38). A comparison of series (36) and (38), with
the above remark and relations (35) taken into account,
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shows that to the asymptotic series expansion of the
function X in the space of inverse transforms at & —» ()
and |[p| = 0(5), & =d(s), there corresponds the
expansions of the transform X at ¢ — Qand 1 = 0(1/9),
and vice versa. These properties of asymptotic
expansions make it possible to easily extend the results,
obtained in the space of transforms, to the inverse
transform. Some general statements regarding the
conformity of convergence of series (36) and (38) can be
obtained by simple reformulation of the theorem given
in ref. [31]. As applied to the problems of convective
heat and mass transfer, the said means that the
‘contraction’ (‘extension’) of the complex parameter pin
the space of transforms corresponds to ‘extension’
(‘contraction’) of the time ¢ in the space of inverse
transforms; in this case, the correspondence
t = O(Pe*)=|p| = O(Pe ¥ is fulfilled. (Here, the most
simple case of the power-law dependence of § on Pe is
given.)

7. THE FINAL STAGE OF THE PROCESS

After applying the Laplace—Carlson transformation
for time, the problem, equations (3)6), takes on the
form

pe;— )+, V)&, =k Pe ' Aé, (I <r < x),
(39)
pé+{u,V)e, = Pe ™t Ac, (0<r<1), (40)
r—>ow,éy > l;r=1, ¢ =L Fley), K-(;_%l‘:%;l,
(41)
Ci=cr,p)=L-cfr,r); i=12

In order to carry out the analysis of the problem,
equations (3)}-(6), one can make use of the remark made
in Section 6, which establishes the correspondence
between the asymptotic expansions of the boundary-
value problems for the transform, equations (39)-{41),
and for the inverse transform, equations (3)~(6).

Consider the limiting case

Pe—oo, p=qPe, [gl=0(), (42)

which, by virtue of the results obtained in Section 6, will
correspond to the behaviour of the inverse transform ¢,
at large times t = O(Pe).

The solutions in the flow cores are sought in the form
of regular expansions in negative powers of Peclet
number

& =g+ PeT1e9+ ..., c9/e) = o(1),
&9 =c¥r,0) (i=1,2;j=0,1). (43)
By substituting equation (43), with equation (42)
taken into account, into equations and boundary

conditions (39)-(41) and separating the terms at the
same powers of Peclet number, one can obtain the
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following relations for the first terms of the expansionin
the flow core

0, V)ed = r—o,0 -1, (44)

W, V)e§) = kAES — (e —1); r—> 0,8 >0, (45)
(“zV)C 5= (46)

W, V)Es) = Al —qésd. 47

Asearlier, a ‘stretched’ variable Y isintroduced in the
outer and inner diffusional boundary layers, d;, and the
solution is sought in the form of expansions

&= e+ Pe VT + . E/ED = O(),
& = Y., (48)

Y = Pe'1—r), p=cosf (i=12;j=0,1).

The substitution of equation (48) into equations (39}
(41) with allowance for equation (42) and the sub-
sequent series expansion in Pe”!/? leads to the
following boundary-layer equations and boundary
conditions [the differential operator A has been de-
termined in equation (10)]

AD-c@ =0; i=12, (49)
a 9
AV = (1-3p)p Y2 —3BY(1—p?)
ac“” ac“‘)
, (50
6;1 5Y (50)
) e
A@-ef) = —Jpy? 6;0 —3Y(1—p?)
oy ey
-2 , (51
ou Yy 1)
Y = 0,658 = L- F(c{}),¢§] = L-(yc{?),
6F
aCl c —C(ld&, (52)
D pad
Y=ol _ %, gy

6Y oY

In the convective boundary-layer region of the
diffusional wake W4 inside of a droplet the solution is
sought in the form of the expansion

&y = E+Pe 2R+ ., eGle) = O(1),
(

(53)

el oc'y
1— 2 20 20 -
-z )Waz +nz p 0, (54)
a‘(l) octl) 65(1) azc‘(l)
1— sz 2621 5,29€20 _ 507Ch0
A=z9== oz " on g 0z on?

Equations and boundary conditions (44)(47), (49)-
(52),(54)should be supplemented with the conditions of
the asymptotic matching of solutions on general
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boundaries [21, 29, 30], i.e. the solutions in the cores of
the outer and inner flow ¢; should match the solutions of
the outer and inner diffusional boundary layer d;; the
solution in the convective boundary-layer region of the
inner diffusional wake W4 should match the solution
of the boundary layer d, and the solution in the
flow core inside of a droplet e,. For the main terms of
the asymptotic expansions (43), (48), and (53) the
conditions of matching are written as

83 1) = (Y — —co),
E53r — 1) = e5UY — +o0),
e53(p — 0) = ¢53(n — <o),

clou— 1) =5z - £1).

(53

1t follows from equations (44) and (46) that the zero
terms of the expansion in the outer and inner flow core
depend only on the stream function

ol =eldw); i=1,2
The asymptotic solution of the problem, equations

(39)+41), will be constructed in succession starting from
the core of the outer flow

(56)

1
W,

e, ody—dy>e, 2

The boundary conditions at infinity, equations (44)
and (45), and equations (45), with equation (56) taken
into account, yield the first terms of the expansion in the
flow core outside of a droplet in the form

=1 ¢ =0 57

A direct verification shows that the higher term of
expansion of the outer diffusional boundary layer,
being the solution of equation (49) at i =1 and
satisfying the condition of matching with the solutionin
the flow core, equations (55) and (57), has the form
(58)

@ =1
Taking into account the equality ¢{ = 1 [which
follows from equation (58)], it is not difficult to verify in
asimilar way that the main term of the expansion of the
inner diffusional boundary layer, which is the solution
of equation (49) at i =2 and which satisfies the
boundary conditions on the droplet surface, equation
(52), is determined by the expression

c§3 = F(1). 9

The distribution of concentration in the convective
boundary-layer region inside of a droplet W is
determined by the solution of equation (54) with the
boundary condition |z| —» 1,¢%) = F(1) [which follows
from the condition for the matching of the solutions &)
and ¢, equation (55)] and has the form

¢4 = F(1). (60)

The condition for the matching of solutions in the
regions d,, W and e,, equation (55), by virtue of
equations (59) and (60), specifies the boundary
condition in the explicit form for the equation in the
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flow core inside of a droplet

V=0, -

Equation (46), the general solution of which has the
form ofequation (56), and boundary condition (61) turn
to beinsufficient for the determination of concentration
field in the flow core. In order to obtain the required
additional information about the function ¢%), one can
make use of the equation for the next term of expansion
(47). For convenience, introduce a new orthogonal
system of coordinates /), 5, @, which is associated with
the streamlines (the fixed curves #» = const. are
orthogonal to the streamlines '’ = const.) and which,
accurate to stretching along y2(W® — & = 16y'?),
was used in ref. [11]

F(1). (61)

r* cos* 0

@) = 1.2(] w2 0, n= hd
=YD =R sint 6, =T
4 @r2—1)*

Jow = Im = 1618 cos® 08’

r? sin? =’
Gpp = r* sin® 0,

1y sinz 9, ©?

E=Z2(r0) =(1-r? cos? 0+(2r*—

9 = GuydmIse
(UEQ S

Equation (47) in the system of coordinates, equation
(62}, takes on the form

oek) _[ (\/g 66“’)
on oy Juy oy "
oekl
+ an<;/g on >]—q\/gc"z%- (63)
nn

The procedure which will be used is similar to a
successive elimination of the secular (increasing) terms
in the method of many scales [29, 30]. Due to the
continuity of the solution of the initial problem,
equations (3)6), the following equality should hold
along the fixed streamline y = const.

Cz(lp,i’] = —o0)= CZ(‘//”I = +OO),

which means that different points (i, —o0) and
(¥, + o0) correspond, in the new coordinate system i,
1, to the same point (1/,/2, 6) in the former spherical
coordinate system r, 8. The integration of equation (63)
over: — oo < f < + oo, with equality (64) taken into
account (the consequences of which are similar relations
for all the terms of expansion of the solution transform
in the flow core), leads to the following ordinary
differential equation

dée)
%[w) ﬂﬂ —qT()esh = 0

1 1- é
¢S5y =F(),J@y) = 6\/(1+\/§)[(4~36)E\/<1+://é>

—@ayE-30K \/(i;ﬁﬂ (65)

1/16, —o0 < < 4+ o0).

(64)
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Here, E is the full elliptical second-kind integral, 7
= T()is the characteristic time of delay, equation (27),
&= 16y.

The coefficients of equation (65) have the following
singularities: ¥ — 0, T(¥) = O(In y); ¢ — 1/16, J()
= O(1/16 —y). The local analysis of equation (65)
shows that the first derivative %) is finite at zero, while
the second is infinite and has a logarithmic singularity ;
the second singularity at the point of generacy y = 1/16
determines two linearly independent solutions, one of
which is infinite at  — 1/16. This means that, besides
the boundary condition, equation (61), the condition of
the solution limitness at i = 1/16 should be used for
equation (65).

The expansion of the solution of equation (6%) at
-0 hdS the form ¢&) = F(1)+ Ay + O(y) [where

A(g)q~ ' is the transform of the mean concentration in
the flow core]. Therefore, with regard for equation (58)
and for the second equality in equation (57), the
boundary conditions on the droplet surface, equation
(52), (j=1) and at infinity (corresponding to the
asymptotic matchingin the regions ¢,,d; and ¢,, d,) for
the second terms of expansions in the regions of the
inner and outer diffusional boundary layer have the
form

~{d)
. C11 €21
Y=0, ¢y =96, k==
Y ¢
d}? (d)
Y= - , Yo —x, ) -0;
d‘l o=t

Yo 4w, ¢ 3AY(1—p?). (66)

Equations (50) and (51), the RHSs of which vanish
because of equations (58) and (59) and boundary
conditions (66), determine the second terms of the
expansion in the outer and inner boundary layer of the
droplet.

Tt should be noted that the higher term of expansion
in the flow core, which is determined by solving
equation (65) is, due to equalities (59) and (60),
uniformly adequate (in large Peclet number) over the
entire flow region inside of a droplet. For this reason,
¢} will be further replaced simply by ¢,

Using the inverse transform, one obtains the
following unsteady-state equation for the concentra-
tion distribution inside of a droplet

oc de . -
20_ I 0. . _poli=g 2D,t,

aw o

TW)—

(67)

1=0, ¢30=0; =0, ¢30=F(1)czol <)
Equation (67) at F(1) =1, after the replacement
& =16y and ¢ = 1—c,,, coincides with the Kronig-
Brink mathematical model [117] suggested to describe
the mass transfer process dynamics inside of a droplet at
the limiting resistance of the dispersed phase, equations

(4) and (8). Therefore, for the mean concentration,
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corresponding to equation (67), one has

€207 = F(l)[l— Y O eXp(—imf)] (68)
m=1
a, = 06831, a,=00981, a,=00813,
o, = 00618, a5 = 00057, 1, = 26.844,
A, = 13791, A, = 31566, i, = 72498,
g = 12052.

Here, the coefficients «,, and 4,, are such as given in
ref. [9];atm = 1,2 the values of these coefficients, close
to the above, are calculated in ref. [11].

It follows from the above analysis that the results of
ref. [11] [corresponding to the solution of the internal
problem, equations (4) and (8)] are applicable only in
the final stage of the process at ¢t > O(Pe) and are
inapplicable in the initial [0 <t < O(ln Pe)] and
intermediate [O(ln Pe) < t < O(Pe)] stages.

Remark. In deriving equation (67), only the
convective boundary-layer region of the diffusional
wake W' was considered. Similarly, one can
investigate the distribution of concentration in the
regions of the rear and forward stagnation points W%
and b,, and also of the inner region of the wake W
The equations for the main terms of asymptotic
expansions of the concentration field in these regions in
appropriate variables coincide with those obtained in
ref. [26] and can be presented in terms of the sum of the
first and second derivatives with the factors depending
on coordinates. Therefore, all of these equations can
have a particular solution equal to F(1), which satisfies
the conditions of matching with all the main terms of
expansions in the regions e,, d, and W4: This means
that the solution of equation (67) is uniformly adequate
in Peclet number over the entire region inside of a
droplet (including also all the regions of the wake) at
t = O(Pe).

8. SOME GENERALIZATIONS

The results of the asymptotic analysis carried out
above can be easily extended to the general case of
convective mass and heat transfer of a droplet of any
shape in an arbitrary stationary two-dimensional flow
of incompressible (ideal, viscous, etc) liquid at
commensurable phase resistances.

The initial stage of the process 0 < t < O(ln Pe)

Here, one can show that the distribution of
concentration in diffusional boundary layers on each
side of the droplet surface is prescribed as

(d) _ +B, e ICl
G = Ai i i {ZK;I/z[x(S) x(o_(w))]l/l}
(i=1,2), (69)

{ =Py = PeV2 tu, x = x(s) = J u, ds,
0

o = o(t,s) = t—fs ?; s = o(w(0, s)).

HMT 27:8-J
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Here &, s is the local system of coordinates naturally
connected with the droplet surface ¥® =0 [the
coordinate ¢ is directed along the normal and is
reckoned from the droplet surface, while s is directed
along the surface and is reckoned from the critical point
offlowincidences = s~ = O(u,(s ) = 0), in the vicinity
of which the liquid velocity is directed toward the
droplet surface]; u, = us) > 0is the liquid velocity on
the interface surface; the last identity in the system of
equations (69) allows the determination of the
functional dependence o =o(s); as earlier, the
coefficients A; and B; are prescribed by relations (17)
and (18); u(s,) # 0.

Equation (69) is valid up to the critical runoff points
s*:ufs*) = 0,in the vicinity of which the normal liquid
velocity is directed from the droplet surface. If the
interface surface has several critical incidence points s,
(k= 1,...,K), then there will be the same number of
diffusional boundary layers located on each side of the
droplet surface. The distribution of concentration in
each of these boundary layers will also be determined
by formulae (69), where the function u, and the lower
limits in the integrals, which determine the variables x
and o, should be replaced by |uy|, s, and s,
respectively (s, is any nonsingular point in the interior
of the kth boundary layer u(s,,) # 0);in this case, each
boundary layer will have its own function o.

Using formulae (69), it is not difficult to obtain the
distribution of concentration in diffusional boundary
layers in the initial stage of the process in the case of
convective mass transfer of a spherical droplet in an
axisymmetriclinear shear flow, when the liquid velocity
field outside and inside of a droplet is determined by the
following dimensionless expressions for the stream
function [32]

Y = —4[2(B+ Dr3—(5p+2)+3pr 2]

xsin2f@cosf, 1<r<oo, (70)

YyB =3 (1—r)sin? 0cos 6, 0<r<I1.

The characteristic velocity scale in equation (70) was
chosen to be U = aG(B+1)"!, where G is the shear
factor.

The flow field, equation (70), is characterized by the
critical plane of incidence 6 = /2, along which the
streamlines arrive at the droplet surface from infinity,
and by two runoff trajectories 8 = 0 and =, which
‘emerge’ from isolated singular points on the droplet
surface. The diffusional boundary layers, originating in
the vicinity of the flow incidence line § = n/2,r = 1, are
located on both sides near the droplet surface.

Omitting the intermediate calculations (which are
analogous to those used in ref. [33] for the limiting
resistance of the continuous phase), one obtains that at
commensurable phase resistances, equations (3)6),
the distribution of concentration in diffusional
boundary layers in the initial stage of the process in the
case of linear shear flow around a spherical droplet,
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equation (70), is determined by the formula

3Pe\ 112
¢ = A,+B; crf{(——e)
2k;

|r—1[|cos 8] "
[(Sin2 04+e” 3 cos? 9)~2_1]1/2 . (T

Here, the following notation is introduced :

Pe=a*G(B+1) 'D;, 1=GB+1) t,;
the coefficients 4; and B; are prescribed by expressions
(17y and (18).
The use of relations (19) and (71) yields the following
formula for the mean Sherwood number

3p 12
Sh =2 [——e coth (%t)} s (72)
2n

where the parameter 4 is the root of equation (18).

The intermediate stage of the process O(ln Pe <t
< O(Pe)

The situation originating in this case is determined
by the interaction of the diffusional boundary layer
with the wake inside of a droplet (Fig. 1). For a purely
internal problem, equations (4) and (29), when the fiow
field inside of a droplet has the same qualitative aspects
as the Hadamard-Rybczinski flow, equation (7) (an
axisymmetric case characterized by the presence of
only two singular isolated critical pointss~ = Oands™*
and by the absence of critical lines on the droplet
surface), it can be shown in a general case that the
distribution of concentration in the diffusional
boundary layer is prescribed by the expression

o = J " G L () dr*

4
+erfc {m} (73)

Here, the variables {, x, w and the function ¢ are the
same as in formula (69), while the core of the integral
operator f({,w) is found by solving the following
equation with a delayed argument

JG )= J G(E, T*, xo) f({*, 0—T) dT*

0

P

S
+erfc {Z[XO — X(g(w_ T))]l/z}a (74)

ds
T = — , Xo = x(sT).
[uy) W = pet/2g N

It should be taken into account in solving equation
(74) that the function f should satisfy the condition (34),
while the characteristic time of delay T = O(In Pe) is
determined by the higher terms of the expansion of
T = T(}'?) in the limiting case, equation (28).

The final stage of the process O(Pe) < t
In this stage, the distribution of concentration
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outside of a droplet is virtually uniform and is governed
by the respective value at infinity, while inside of a
droplet there is a substantially unsteady-state process
described by the boundary-value problem, equation
(67), with the following expressions for equation
coefficients

d
T) = 3&/9 dn = fﬁﬁil Jy =L dy,
2

9= Yuwlmles (75)
Here, ¥, 5, ¢ is the orthogonal coordinate system
connected with the stream function ¥ = ¥, which
determines the flow inside of a droplet ; the curvilinear
coordinate #, orthogonal to ¥, is found by solving the
equation (Vi * Vi) = 0 (for a plane case it should be
assumed that g, = 1, while in the axisymmetric case
—that g,, = r? sin® 6). In those cases when inside
of a droplet there are several independent regions
Q; (j = 1,...,n) with completely closed streamlines
and these regions are limited by singular (critical)
streamlines or streamsurfaces which close on the
droplet surface (in particular, in the case of linear shear
flow around a spherical droplet, equation (70), one has
j = 2; the flow at j = 4 was considered in refs. [7, 87),
equation (67) should be written and solved in-
dependently in all the regions €; (in this case, each
region ; has its own functions T; and J)), taking into
account the fact that at t > O(1) the same amount of
concentration, equal to F(1), is transported from the
droplet surface to the singular streamlines.

9. SOME CONCLUSIONS AND REMARKS

Summarizing the results of the aforegoing asymp-
totic analysis, it is necessary to point out the following:

(I) The boundary-layer solution, equations (16}
(18), which for the linear case F(c,) = ac, was obtained
in refs. [3, 4, 6], is valid only in the initial stage of the
process (before the diffusional boundary-layer starts to
interact with the wake inside of a droplet) at 0 <¢
< O(In Pe) (this very interval of times determines also
the region of applicability of the results of refs. [7, 87)
and is inapplicable at t > O(In Pe).

(2) In the intermediate stage of the process
O(ln Pe) <t < O(Pe), characterized by intensive
interaction between the inner boundary layer and the
wake, the distribution concentration in the diffusional
boundary layer (in the case when the resistance to
transport is fully concentrated inside of a droplet) is
prescribed by formula (31), where the function f is
determined by the solution of the integral equation with
a delayed argument, equation (33).

(3) Equation (67), corresponding to the unsteady-
state mass exchange between a droplet and a
continuous medium at commensurable phase resis-
tances, equations (3}{7), is valid only in the final stage
of the process at t > O(Pe) [and is inapplicable at
t < O(Pe)] and in form [at F(1) = 1] coincides with the
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Kronig-Brink equation [11] obtained for a purely
internal problem.

The first and the third points mean that the
characteristic dimensional time scale, which cor-
responds to equations (16)(18), is the quantity t,, and
that corresponding to equation (67), is the quantity ¢,,
equation (9).

It is clear from the above why the results of many
experimental investigations carried out at the limiting
resistance of the dispersed phase are in a good
agreement with the solution presented in ref. {11] and
fail to agree with the solution suggested in refs. [3, 4, 6]
(this comparison is carried out in ref. [8]). This is due to
the fact that as yet there is no reliable experimental
technique to investigate the initial (rapidly progressing)
stage of the process, and the experiment correctly
‘catches hold’ of only the final (slow) stage of the
process, which is described by equation (67).

The asymptotic analysis carried out should be used
as a basis for the development of adequate finite-
difference computational methods of investigation of
similar unsteady-state problems with a small para-
meter at higher derivatives. The results of numerical
calculations carried out in refs. [12-20] can hardly be
considered convincing, as the mesh steps of the grid
used for the region near the flow axis were not made
finer (moreover, the grid should be nonuniformin time),
which is necessary to correctly account for the
interaction between the diffusional boundary layer and
the wake inside of a droplet.

In view of the initial condition 7 = 0, ¢,, = 0, the
asymptotics of the solution of equation (67) is a
‘through’ one in time ¢ in the sense that in order to
obtain a correct result at t = O(Pe) there is no need to
know the previous nonuniform distribution of
concentration in the flow at smaller times t = O(Pe’),
0 < 6 < 1. It should be noted that the equation and
boundary condition on the droplet surface, equation
(67), at t = O(Pe) can be obtained directly from the
analysis of the unsteady-state problem, equations (3)-
(7), without resorting to the Laplace-Carlson
transformation. But then, the problem would have
remained unsolved regarding a correct specification of
the initial condition for concentration distribution in
the flow core at t = O(Pe), which is unknown at
sufficiently large times O(In Pe) < t < O(Pe) and may
differ substantially from the initial uniform distribution
¢, = 0 [in principle, it follows from nowhere that the
initial condition for the ‘contracted’ variablet = Pe™ 't
can be ‘carried’ throughout the entire region 0 < ¢
< O(Pe)].

The validity of equation (67) at t = O(Pe) means
physically that at sufficiently large times (t > O(Pe)) a
steady-state regime actually develops outside of the
droplet, which corresponds to a uniform distribution of
concentrationin the flow, while inside of a droplet there
is a substantially unsteady-state process with constant
concentration on its surface determined by the phase
equilibrium condition (1) with a stationary uniform
concentration field outside of the droplet (by this time
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the diffusional boundary layer and the diffusional wake
have been actually smeared out and ceased to exist).
Moreover, it follows from equality (60) that
concentration on the flow axis inside of a droplet at
t = O(Pe) has already become equal to that on its
surface (due to multiple circulation of dissolved
substance along the closed streamlines).

It should be noted that though equations and
boundary conditions, equations (3)6), have been
formulated for a concentrational problem, all of the
results obtained can easily be extended to a
corresponding thermal problem which is described by
equations and initial conditions, equations (3)(5), at
¢, =0; and ¢, = O, with the following boundary
conditions on the droplet surface

400, 00,
r=l ©=6 (z)w— o

Tho—T,
X (@,.=2—°L; i= 1,2),

T20_ 10

where T, T;, and A, are the instantaneous temperature,
the temperature at the initial time and thermal
conductivity of liquid outside (i = 1) and inside (i = 2)
of the droplet, respectively. In particular, for the mean
temperature distribution inside of a droplet at
t = O(Pe), formula (68) remains to be valid at
{c,) =40@,> and F(1) = 1.

Investigate now the behaviour of the solution of
equations (3)(7) depending on a change in the droplet
and surrounding liquid viscosity ratio f. The analysis
carried out corresponded to the case § = O(1) and,
therefore, the final results did not depend on the
parameter f. In the limiting case § » 1, the flow inside
of the droplet is practically absent (8 = oo corresponds
to a solid particle). It is possible to show that at large
Peclet numbers Pe,, = aU,D;! » ! [note that Pe,,
differs by a factor x(f + 1) from the Pe number used in
equations (3}H6)] and t=a 2D,t, > O(l), the
distribution of concentration (temperature) in the flow
outside the particle is uniform (in the main
approximation, of course) ¢; = 1, while the distri-
bution of concentration inside the particle is
determined by the ordinary unsteady-state heat
conduction equation [which corresponds to u, = 0 in
equation (4)]

% = Ac,;

e 1=0,¢,=0;

r=1,¢c,=F1). (76

The solution of equation (76) leads to the following
expression for the mean concentration inside a droplet
9]

6
7[2

e = F(l)[l— >

A comparison between formulae (68) and (77) shows
that the order of the characteristic times required for the
development of the unsteady-state heat and mass
transfer process for a droplet with moderate (§ = O(1))

1
\m

5 exp(—nzmr):|. a7
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and extremely high (f > 1) viscosity is the same and is
determined by the quantity ~a?D; '. However, the
decrements of solution decay at 17— oo differ
(substantially) by a factor of 2.72. This means that the
presence of liquid circulation inside of a droplet at f
= 0O(1) enhances the process of convective mass and
heat transfer as compared to a ‘solid’ droplet (§ = «),
where the substance transport by circulation is absent.
It should also be noted that even a substantial increase
in the external flow velocity U (Pe — o) exerts a weak
effect on the degree of substance extraction from the
droplet which is limited from above at Pe — oo and is
proportional to the decrement of mean concentration
decay, equation (68).

Remark. Equation (67) can also be used for the
description of unsteady-state heat and mass transfer in
one final stage of the process at t = O(Pe) and in some
external problems, where the regions of closed
circulation are formed near the body surface which are
similar to the region shown in Fig. 3. In particular, this
is the case when a circular cylinder freely rotates in the
simplest linear shear flow [34] (sec also ref. [35]);in this
case at t > O(Pe) equation and initial condition (67)
remain valid in the region with closed streamlines, but
these should be supplemented with the boundary
condition on the cylinder surface(atr = 1).InFig. 3, the
solid line shows a specific limiting streamline y = 1/4,
which is the boundary of the regions with closed {0 < ¢
< 1/4} and open {1/4 < < co} streamlines. In the
region with open streamlines at t > O(Pe), the
concentration is practically uniform and is determined
by its initial value ¢ = 0.
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EXTRACTION VARIABLE D'UNE GOUTTELETTE TOMBANTE AVEC UNE DEPENDANCE
NON LINEAIRE DU COEFFICIENT DE DISTRIBUTION EN FONCTION DE LA
CONCENTRATION

Résumé—On présente une analyse asymptotique du probléme de transfert variable de chaleur et de masse

d’une gouttelette avec des résistances de phase commensurables dans le cas des nombres de Péclet élevés. Le

probléme est considéré non linéaire puisque dans la condition d’équilibre entre phases 4 1a surface dela goutte,

la concentration d’une phase dispersée dépend arbitrairement de la concentration de la phase continue. La

dynamique du transfert de chaleur et de masse est qualitativement trés différente selon trois intervalles de
temps caractéristiques pendant lesquels les frontiéres dépendent du nombre de Péclet.

INSTATIONARE EXTRAKTION AUS EINEM FALLENDEN TROPFEN MIT
NICHTLINEARER ABHANGIGKEIT DES VERTEILUNGSKOEFFIZIENTEN VON DER
KONZENTRATION

Zusammenfassung—Das Problem des instationdren Wirme- und Stoffiibergangs an einem Tropfen wurde
mit Hilfe eines Néherungsverfahrens untersucht, und zwar fiir den Fall, daB die Phasenwiderstinde gleichartig
und die Peclet-Zahlen groBsind. Das Problem wird als nichtlinear angesehen, wenn in der Randbedingung des
Phasengleichgewichts an der Tropfenoberfliche die Konzentration der dispersen Phase beliebig von der
Konzentration der kontinuierlichen Phase abhéngt. Es zeigt sich, daB das dynamische Verhalten des Wirme-
und Stoffiibergangs in drei charakteristischen Zeitintervallen qualitativ sehr unterschiedlich ist, wobei
die zeitlichen Grenzen von der Peclet-Zahl abhingen. Das erste Zeitintervall, 0 < t < Ofln Pe) (¢ ist die
dimensionslose Zeit), ist durch die Ausbildung instationirer Diffusions-Grenzschichten auf beiden Seiten der
Tropfenoberfiache (die zunichst qualitativ identisch sind), gekennzeichnet. Die innere Grenzschicht erzeugt
einen Diffusionsstrom in der Nihe der Stromungsachse. Wahrend des zweiten Zeitintervalls, O(In Pe) <
t < O(Pe) beginnt der im Innern entwickelte Diffusionsstrom die Grenzschicht zu beeinflussen; er “verschmiert”
sie. Hier unterscheiden sich die Grenzschichten an der Innen- und an der AuBenseite des Tropfens bereits ganz
wesentlich. In der Folge nimmt die Dicke der inneren Grenzschicht allmihlich zu. Wihrend des letzten
Zeitintervalls, O(Pe) < t, ist eine weitere Umordnung des Konzentrationsfeldes zu beobachten, wonach die
Grenzschichten praktisch nicht mehr existieren. Die Konzentration auBerhalb des Tropfens wird konstant
und nimmt den Wert der ungestérten Konzentration in groBer Entfernung an, wihrend sich im Inneren des
Tropfens ein instationdrer Vorgang abspielt. Die Konzentration auf einer jeden Stromlinie hat sich bereits
vollstandig ausgeglichen (infolge der wiederholten Zirkulation der Fliissigkeit entlang der geschlossenen
Stromlinien), wihrend senkrecht zu den Stromlinien ein Massentransport durch molekulare Diffusion
stattfindet.
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HECTALIMOHAPHA S 3KCTPAKIIUA W3 NMAJAKOUEA KAMUJIA [TPH HEJTMHEAHOM
3ABUCHUMOCTH KODPPUIIMEHTA PACIIPEJEJIEHHUSA OT KOHUEHTPALIUN

Annoraims—B pabote npoBeseH ACHMNTOTHYECKMH dAHANM3 3aJ@4H O HECTALMOHAPHOM MAcCo- H
Ten1000MeHe KAMJIH NPH COM3MEpPHMBbIX (a30BBIX CONPOTHUBJIEHHAX B ciyvae Oosslumx yucen [lekse.
3amaua pacCMAaTPHBAETCH B HEJIMHEHHON NMOCTAHOBKE, KOTAa B IPaHHYHOM YCJIOBHM (hazoBOro pas-
HOBECHS HAa MOBEPXHOCTH KalJH KOHUEHTPAUMs AHCTIEPCHOH (a3bl NPOHM3BOJILHBIM 00pa3oM 3dBHCHMT
OT KOHIEHTpauuH crutoliHod ¢assl. [lokasaHo, 4TO AMHAMHKa NPOLECCa MACCO- H TEMIOonepeHoca
NPOTEKAET C CYLIECTBEHHBIMH Ka4YECTBEHHBIMM OT/IHYMSAMH Ha TPEX XapaKTePHbIX HHTEPBAJAX BPEMEHH,
IpaHHIBbl KOTODPBIX 3aBHCAT OT uucna [lexie. Ha nepsom unteppane Bpemenn 0 < 1 < O(n Pe)
(t—Dbe3pasmepHoe BpeMs) IPOUCXOANT GOPMHPOBAHHE HECTAIMOHAPHBIX JH(DY3MOHHBIX 1OT PAHHYHbIX
coeB o 06e CTOPOHBI OT [OBEPXHOCTH KalUIH (KOTOpPbIE MOKa KaYECTBEHHO aAHAJIOTHYHBI APYT APYIY).
1IpH 3TOM BHYTPEHHHH NOrpaHH4HbIH C;10# nopoxaaeT Audpy3HoHHbIH cnea, pacnooXeHHblH BOAN3H
ocu notoka. Bo Bropom nurepsaie spemern O(In Pe) < 1 < O(Pe) pa3sutbiil BHyTpeHHM M DPY3HOH-
Hblil C/leX HAYMHAET B3aMMOAEHCTBOBATH C IIOTPAHHYHBIM CJIOEM M CHIIBHO ~ Pa3MBIBaeT ™ €ro (31ech
yXe NOrpaHCIOH, PACIIONOKEHHbIE BHE W BHYTPH K4IUIM, CYLIECTBEHHO PA3jIMHYaloTCs), B PE3ybTaTe
4ero TOJLUMHA BHYTPEHHEO [OFPAHCIAOA MOCTENEHHO 3HAYHTENbHO yBenuuupaercs. Ha nocneanem
uHTEpBate BpeMenu O(Pe) < ! NPOMCXOANT JajibHeililas NepecTpoiKa nojis KOHUEHTPALMH, TdK YTO
[TOTPAHCIION NPAKTHYECKH YK€ NIPEKPATHIH CBOE CYLUECTBOBAHME; DM 3TOM BHE KalUTH KOHLEHTPALMS
CTAHOBHUTCS MOCTOSHHOI H PaBHON HEBO3MYUIEHHOH KOHUEHTPALMM Ha OECKOHEYHOCTH, & BHYTDH KdIliH
IIPOTEKAET CYIIECTBEHHO HECTALMOHAPHBLIN 1POLECC, KOTI@ HA KaX10oH (UKCHPOBAHHOW JIMHUM TOKA
KOHUEHTPALMS YXE [OJHOCTbIO BBIPABHATACH (3a2 CYET MHOTOKDATHOH UMPKYJISUMM JKHAKOCTH NO
3aMKHYTHIM JIMHHHAM TOKa), a Maccornepelaya OCYLIECTB/IAETCA nyTeM Monexyisproil nnpbysuu B
HANPABJICHHN, NIEPHECHANKYISPHOM JMHUAM TOK4.



