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UNSTEADY-STATE EXTRACTION FROM A FALLING DROPLET 
WITH NONLINEAR DEPENDENCE OF DISTRIBUTION 

COEFFICIENT ON CONCENTRATION 

Institute for Problems in Mechanics of the USSR Academy of Sciences, 117526, Moscow, U.S.S.R. 

Abstract-An asymptotic analysis of the problem of unsteady-state heat and mass transfer of a droplet at 
commensurable phase resistances in the ease of high Feclet numbers is carried out. The problem is considered 
in nonlinear statement when in the boundary condition of phase equihbrium on the droplet surface the 
concentration of adispersed phaseis arbitrarily dependent oncontinuous phaseconcentration. The dynamics 
af heat and mass transfer is shown to ~qual~tativel~ very different over thr~ch~acte~stict~me intervals, the 
boundaries of which depend on Pectet number. The first time interval, 0 6 t c o(ln Pe)(r is the dimensionless 
time), is characterized by the formation of unsteady-state diffusional boundary layers on both sides of the 
droplet surface (which are as yet qualitatively identical), with the internal boundary layer generating a 
di~sional wake near the flow axis. Over the second time interval, ofIn Pe) C t < O(&), the developed 
internal diffusional wake starts to interact with the boundary layer and ‘smears’ it severely (here, the boundary 
layersoutsideand inside the droplet arealready substantially different),as a r&t ofwhich the thickness of the 
internal boundary layer increases considerably in a gradual way. Over the fast time interval, O(Pe) $ r, a 
further rearrangement of the concentration field is observed so that the boundary layers are practically no 
longer present; the concentration outside the droplet becomes constant and equal to the nonperturbed 
con~ntration at infinity, while inside the droplet a ~~b~t~~~l~ unsteady-state process occurs when 
concentration on each fixed streamline has already fully become equalized (at the expense of repeated liquid 
circulation along the closed streamlines), while mass is transferred by molecular diffusion in the direction 

normal to the streamlines. 

NOMENCLATURE 

droplet radius 
concentration in continuous and 
dispersed phases 
concentration in continuous and 
dispersed phases at time zero 
characteristic ~on~~~r~~ion, 

C20--F*(CIOl 

dimensionless concentration in 
eont~nuous phase (outside the droplet), 
l+(c~~-C,)c,’ 
~mens~oniess ~nce~tratio~ in 
dispersed phase (inside the droplet), 

(C,, - c,)c; 1 
Laplace-Cartson transform of 
concentration 
diffusion coefficients in continuous and 
dispersed phases 

F*(C,)- G = 0 condition of phase equilibrium 
on droplet surface 
shear coefficient 

%&?VSnl 
metric tensor com~nents 
exponent determining the phase 
equilibrium.law, equation (2) 
Peclet number, aUf); 1 
complex parameter of LapIace-C!arlson 
transformation 
spherical coordinate system associated 
with droplet 
continuous ‘through’ coordinate 

corresponding to the distance reckoned 
from the midsection of the droplet along 
the fixed streamline t,P = const. 
time for which a liquid element inside 
the droplet completes a turn along a 
closed streamline, $“’ = const. 
(characteristic time of delay) 
temperature outside and inside a droplet 
temperature outside and inside a droplet 
at time zero 
dimensionless time, a-’ Ut, 
time 
characteristic hydrod~amic time, aU- z 
characteristic diffusional time, a*D; ' 
characteristic velocity of tr~s~ation~ 
flow, @+ l)_“U, 
characteristic velocity of shear flow, 
aG@+ rt- f 
nonperturbed Row velocity at infbtity 
dimensionless liquid velocity vector 
outside fi = 1) and inside fi = 2) a 
droplet 
‘stretched’ boundary layer coordinate, 
RFf f - r) 
I ens 8. 

Greek symbols 

; 

phase equilibrium constant 
ratio between the dynamic viscosities of 
droplet and surrounding liquid 

i ‘stretched’ stream function, Pe112 $“) 



dimensionless temperature outside 
(i = 1) and inside (i = 2) a droplet. 

(T2”-W(Tz0-j-i”) 
ratio of continuous and dispersed phase 
diffusion coefficients, D,/D2 

root of equation (18) 
thermal conductivities of liquid outside 
(i = 1) and inside (i = 2) a droplet 

cos I) 
r sin 0 
‘slow’ time, Pe- ’ t 
stream functions corresponding to the 

how outside and inside a droplet 

ti (2) 

curvilinear orthogonal coordinate 
system associated with streamlines 
II, = $“I = const. 

cyclic variable. 

I. INTRODUCTION 

IN THE linear formulation the problem of convective 
mass and heat transfer of a droplet at commensurable 

phase resistances at large Peclet numbers was 
investigated earlier in refs. [l-10]. Thin diffusional 

boundary layers were postulated to exist on each side of 
the interface [l-8], beyond which the concentration 
was assumed to be (identically) constant ; in refs. [ 1.2,5] 
the problem was solved in a steady-state formulation. 
The solutions obtained in refs. [3, 4, 681 exhibited a 

steady-state behaviour corresponding to some in- 

homogeneous distribution of concentration in boun- 
dary layers. It defined the average Sherwood number 
which was different from zero and proportional to the 
square root of the Peclet number. In ref. [Y], the 
complete problem of mass transfer of a droplet at 
commensurable phase resistances was modelled by the 
equation of transport inside a droplet with the 

boundary condition on the surface which reflected the 
nature of mass transfer in a continuous phase. In ref. 

[lo], the concentrational boundary layers and also the 
diffusional wake originating outside and inside a 

droplet were described qualitatively. Also shown was 
the predominance of mass transfer inside a droplet. 

The internal problem of the unsteady-state 

convective mass and heat transfer, when the resistance 
to transport is completely concentrated inside a 
droplet, was much investigated earlier by analytical [ 1~ 
8,l l] and numerical [ 12-201 means. In refs. [ l- 8,111 it 
was assumed that the Peclet number was large, and two 
completely different approaches were used to analyse 
the problem. In ref. [l 1 J (see also ref. [lo]), an 
approximate solution was constructed in the assump- 
tion that concentration along the streamlines is 
constant and mass is transferred by molecular diffusion 
in the direction normal to the streamlines. In refs. [ 1 -81, 
the solution of the internal mass and heat transfer 
problem was obtained as a limiting case of the problem 
at commensurable phase resistances in the assumption 
that there were diffusional boundary layers on each side 

of the interface. These two different approaches to the 
solution of the internal problem lead to substantially 
different results for the dimensionless average 
diffusional flux f on the droplet surface. According to 

ref. [l I], the solution is a substantially unsteady-state 
one, and the property 

lim I = 0 
I .I 

is fulfilled, while the results ofrefs. [l-8] lead to another 

solution which is nonstationary only over the initial 
segment and 

lim I = O(Pe”‘). 
1-x 

The internal problem of convective mass and heat 
transfer was also investigated numerically using the 
finite-difference schemes [12-~~201. A qualitative 

disagreement of the results was also observed 
depending on the scheme selected (compare, e.g. refs. 
[12-141 and [19,20]). 

The differences observed [l-20] gave rise to a mutual 

criticism of the methods used and results obtained (see, 
e.g. refs. [3. 9, 10, 12, 18, 201). Thus, on the basis of 
comparison of the experimental [9] and predicted [19, 
201 results, the inference was drawn [9, 19, 201 
concerning the applicability of the Kronig and Brink 
model suggested in ref. [ 1 I]. 

In particular. it will be shown in what follows that: 

(1) theresultsofrefs. [3,4,6W]areapplicableonlyin 

the initial, rapidly progressing stage of the process 
(before the internal diffusional boundary layer starts to 
interact with the diffusional wake it generates) and that 
they are inapplicable in most important, intermediate 
and final, stages of the process ; 

(2) the Kronigand Brink model [l l] and the results 
of modelling [9] poorly reflect the dynamics of the 
process of mass and heat transfer inside a droplet 
during the initial and intermediate stages ofthe process 

and reflect it well in the tinal stage 

2. STATEMENT OF THE PROBLEM 

Consider an unsteady-state convective mass and 
heat transfer between a droplet and a continuous 

medium in the case of commensurable phase 
resistances. It is presumed that at the droplet surface the 
following condition of phase equilibrium holds 

Cz = FJC,) (F,(O) = 0, dF,,‘dC,, 2 0). (1) 

Here, F,(C’,)C; ’ is the distribution coefficient [21]. It 
is usually assumed that the function F, depends 
linearly on concentration F,(c,) = ctC, [l-8]. It has 
been shown [9,22] that in a number ofcases the power- 
law dependence should be used 

F*(C,) = ac; (0.5 d n Q 2.0), (2) 

where, e.g. n E 0.6 [22]. Below, a most general case of 

the arbitrary dependence F‘, = F,(C,), [equation(l)], 
will be considered. 
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It is assumed that at time zero the ca~~ntraiions 
outside and inside a droplet are constant and equal to 
C,,, and C,,, respectively ; it is regarded in this case that 
the requirement for the nontriviality of the problem is 
met: Czo # F,(Clo). 

In dimensionless variables, in the spherical 
coordinate system r, 8, v, associated with the droplet, 
the corresponding unsteady-state boundary-value 
problem for the concentration fields in continuous and 
dispersed phases is 

acc1 
at 

+(u,V)c, = SAC, (1 < r < co), (3) 

% 1 
-jt-+(u,V%,=peA~~ (O<rrl), (4) 

t=O,c, = l,c, =o; r-+co,cI”l, (5) 

r = l,c, = F(c,),x+$ = 2, (6) 

cm--cl 
c,=l+----- 

C to-G 

G ’ c2=-T-; 

F(G) = 
Go -F,(G) 

c + 
h 

ch = cm-- F,(CI,), Pe = g, K = g, t = 3. 
2 2 a 

In the above, the characteristic scales of length and time 
were chosen to be the quantities a and aI.?-*. The 
quantity C,,, as noted in the nomenclature, is the 
characteristic concentration [in the linear case corre- 
sponding to n = 1 in equation (2), C, = C,,-xClo 
and F(c,) = a~,-~++]. 

In what follows, for the sake of definiteness, it will be 
assumed that the distribution of liquid velocities, u;, 
outside and inside a droplet is governed by the 
Hadamard-Rybczinski solution [23, 241 which 
corresponds to the steady-state translational Stokes 
flow around a spherical droplet 

~“‘=~(l-r)C2(~+l)r-~-~r-‘] sin* 0, 

1 G r < c0 (7) 

$@) = &“(I - r2) S in2 8, 0 < r < 1 

&’ = 
1 a$” 

___ -. 
r sin 0 ar 

In writing equations (3)-(7), the characteristic flow 

velocity was chosen to be the quantity U = 
(/I+ l)-‘U,. The angle (3 is reckoned from the flow 
direction at infi~ty (Fig. 1). 

It should be noted that the limiting cases of the 
restricting internal and external phase resistance 
correspond to the limiting transitions in equations (2)- 
(6) at LX-+ 0 and LX 4 co. In particular, at tl = 0 in 
equation (2) the ~on~ntration ~stribution in the 
dispersed phase (i = 2) is determined by solving a 
purely internal problem, which is described by equation 
(4) with the initial and boundary conditions 

E = Of c2 = 0; r = 1, c2 = 1. (8) 

In what follows, the emphasis will be given to the 
most important case of commensurable phase resist- 
ances which is controlled by the equality F(c,) = O(1) 
at c1 = O(1). This, for example, is always the case in 
a similar thermal problem (for details see Section 8). 

It is furthermore assumed that the Peclet numbers, 
corresponding to continuous and dispersed phases, are 
large and of the same order, i.e. the relations Pe 9 1, 
rc = O(1) are valid. 

The unsteady-state problem investigated, equations 
(lH6), has two different dimensional characteristic 
time scales, t,, and t, 

t, = aU_‘, td = a2D;‘, (91 

the first of which corresponds to the characteristic time 
of liquid circulation inside a droplet (hydrodynamic 
time), and the second to the characteristic time of 
penetration by diffusion (diffusional time). Theequality 
t&,, = Pe yields that at large Peclet numbers the 
diffusional time is larger than the hydrod~amic time. 
This results in qualitatively different dynamics of mass 
transfer inside (and outside) a droplet depending on the 

FIG. 1 
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ratio between the instantaneous dimensional time 1, 
and characteristic times t, and t,, i.e. it is possible to 
introduce two dimensionless times in the present 

problem, t = t,/t, and z = t,/t,, which should provide 
a basis for further asymptotic analysis. 

3. INITIAL STAGE OF THE PROCESS As a result, equations (10) take the form 

An asymptotic analysis of the problem, equations 
(l)-(7), at large Peclet numbers Pe 9 1 shows that in the 

whole flow region outside and inside a droplet it is 
possible to distinguish the flow cores e,, the regions of 

diffusional boundary layer di and the regions of 
diffusional wake q; i = I,2 (Fig. 1). 

At t < 1, the convective term in equations (3) and (4) 
can be neglected, and the solution here corresponds to a 
thin ‘shock’spherical layer located outside and inside a 
droplet near its surface, i.e. the layer owing its origin to 
the disagreement between the initial and boundary 

conditions, equations (5) and (6), at F( 1) # 0. 

The ordinary parabolic equations with constant 
coefficients, equations (15), are much simpler than the 
initial equations with variable coefficients, equations 

(lo), and do not contain (in an explicit form) the variable 
W, which is similar to the cyclic variables in analytical 

mechanics. 

At t = O(l), the convective terms in equations (3) and 

(4) will have the same order as the unsteady-state term ; 
in this case the concentration in the flow core remains 

equal to the initial concentration, c’;’ = 1 and c’;” = 0, 
and diffusional boundary layers develop near the 

droplet surface 

The boundary conditions for equations (15) at < = 0 

and < + k nj are derived by a simple (formal) 
substitution of [ for the coordinate Y in equations (12) 
and (13). 

Taking into account that equations (15) are invariant 
with respect to the change of the variable x + x+x(~), 
where X(w) is any function of the cyclic coordinate ~0, it 
is not difficult to show that the solution of equations 

(lOH13) can be represented in the form 

di = { Ir- 11 d O(Pe I/‘). Cl”’ = Cid’(P, c, w) = A, + Bi 

O(Pe-“2) ,< I), O(PeC”2) < n-0}, 

(here and hereafter the inequalities within braces 
specify the order of the characteristic dimensions of the 
region considered), which as yet show similar 
qualitative behaviour on each side of the droplet 

surface. The introduction of a new ‘stretched’boundary 
layer coordinate Y into equations (l)(7), initial and 
boundary conditions, with subsequent separation of 
higher order terms of the expansion in Pe- “’ leads to 

the following boundary-value problem 

x erf 1 lil 
2K;‘z[x(~) - x( - t&rF I 

(16) 

Here, constants A, and Bi are determined by sub- 
stituting equation (16) into initial and boundary con- 
ditions, equations (11)-(13), and are prescribed by the 
formulae 

A, = l->.~-“~, B, = /IIc-~‘~, A, = 1, B, = -i, 

(17) 

where the parameter 1 can be found by solving the 
algebraic (transcendental) equation 

/1 Z F( 1 - j.K ’ ‘1). (18) 

In the linear case, corresponding to II = 1 in equation 
(2), formulae (16H18) go over into the results of refs. 14, 

61. 
~=o,cy”=l,cy)=o, (11) 

y+ -Co, c\d)+ 1; Y--f +cu, c’,d’*O, (12) 

ac\d’ acLd) 
Y = 0, cy = F(c:d’), fcx = y, (13) 

y = Pe”2(1 -r), /l = cos 0; ti, = K, tia = 1 

(i = 1,2). 

In order to carry out the analysis, equations (10) [25, 
261 are rewritten in terms of new variables (x,(,0) 
which are exnressed through former variables (t, Y, p) 

by the formulae 

x = x(p) = $(2-/L)(l -tp)2, 

i = [(y p) = f Y(i-!12) = peli2+i) , (14) 

l+fl 

One verifies easily that 

Sh - = 1, Sh = )K 
1 ac, 

She s C-1 _, ar r=, 
+ 

where Sh, is the mean Sherwood number which is 
determined by solving a purely internal unsteady-state 
problem, equations (4) and (8), and which corresponds 
to the following values of the parameters A, = 1, 
B, = - 1 in equation (16). 

Figure 2 shows the behaviour of the normalized 
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Equation at &- 0 : 

FIG. 2. 

mean Sherwood number, equation (19), determined by 
the solution of the algebraic equation, equation (18), 
depending on a change in the complex c = UC& ‘K-“/~ 
for the phase equilibrium power law, equation (2), at 
Cl,, = 0 (which corresponds to C, = C,,, F(c,) = 
1 - aC”,s ‘( 1 -c,)“) for n = l/2, 1, and 2. It is seen that 
the mean Sherwood number increases monotonically 
with n and decreases with an increasing phase equili- 
brium constant CL 

4. CONCENTRATION DISTRIBUTION IN A DIFFUSIONAL 

WAKE. THE REGION OF APPLICABILITY OF THE 

‘BOUNDARY LAYER APPROXIMATION’ 

It is not difficult to show that equations (16) become 
inapplicable in the vicinity of the efflux point 0 = 
O(p = l), where the formation of the internal and 
external diffusional wakes q occurs. In the external 
wake, the substance depleted by diffusion is entrained 
by the flow from the droplet surface to infinity and does 
not exert the reverse effect on the external diffusional 
boundary layer, which generates this wake. A much 
more complex situation is observed in the interior of the 
droplet. At t = 0, the concentration distribution inside 
of a droplet is uniform, and the diffusional wake W, is 
absent ; at t > 0, the diffusional wake starts to form and, 
gradually ‘moving’ along the flow axis, it sprouts 
through the entire droplet volume after which it starts 
to interact with the internal diffusional boundary layer 
d, exerting on it a reverse effect. 

The diffusional wake W, is substantially nonuniform 
and consists of the rear stagnation point region 
Wi3) = { 1 -r < O(Pe- 1/2), 0 < O(Pe- I/‘)), convective 
boundary-layer wake region W$‘) = { O(Pe- 1/2) < 
1 -r, O(Pe- ‘) ,< I@) < 0(Pe-1/2)j, internal wake 
region I+$$’ = { O(Pe- I/‘) < 1 - r, 0 < $A’) < O(Pe- ‘)} 
and of the region of the forward stagnation point 
b, = {l-r < O(Pe-‘I’), n-0 < O(Pe-‘I’)} (Fig. 1). 
The procedure of obtaining the equations and 
boundary conditions for the distribution of con- 
centration in these regions is completely similar 
to that used in refs. [27, 281. The substance coming 
from the boundary layer is transferred in the main 
in the convective-boundary layer region of the dif- 
fusional wake WY), the distribution of concentration 

in which is determined by 

acy ) a&) a&) 
__ -&(1-Z’)- -+z?j-- = 0, 

at aZ af7 
11 = Pe114p. 

(20) 

Here, z = r cos 8, p = r sin 0 is the cylindrical 
coordinate system associated with the droplet centre ; 1 
is the ‘stretched’coordinate. Equation (20) is derived by 
introduction of new variables z and q into equation (4) 
with the subsequent separation of higher order terms of 
the expansion in the small parameter Pe- ‘12. [Here, as 
always, it is assumed that q = O(l), aci’)/aq = O(l), 
a2c’:)/aq2 = O(l).] In terms of the new variables z, i, 
w(l), where 

[ = Pe1/2$c2) = +q2(l -z2), w(l) = t+ln 2, (21) 

equation (20) yields ac$‘)/az = 0 for the concentration 
in the convective boundary-layer region of the 
diffusional wake, from which it follows that the general 
solution of equation (20) has the form 

c’:’ = @(l, W(l)). (22) 

Here, Q is an arbitrary function ofboth arguments 5 and 
w(l). 

The condition of the asymptotic matching (agree- 
ment) of the solutions in the diffusional boundary-layer 
region, equations (16x18), and in the convective 
boundary-layer region of the diffusional wake, 
equation (22), is written as 

c(zd)lp + 1 = PI 2 z-rl. 

It determines the explicit form of the function @ and, 
consequently, the distribution of concentration in the 
region W(2l) 

cl’) = c’,d)(l,[,~(~)-i In Pe+ln c-4 In 2). (23) 

The matching procedure in this case can be much 
more easily understood if one replaces the two local 
coordinates p (in the region d,) and z (in the region W$‘)) 
by one continuous ‘through’ coordinate s (both in the 
region d2 and W$‘)) which is reckoned along the 
streamlines of flow ; the origin of the coordinate s is at 
the droplet midsection 6’ = 7112, with s being the 
distance from the surface 0 = 7c/2 along the fixed 
streamline ijjc2) = const. It is easy to verify that in 
the diffusional boundary layer d2, the local coordi- 
nate is expressed in terms of the continuous one as: 
p = sin s (0 < s < n/2), while in the convective 
boundary-layer region of the wake W$‘), the relation- 
ship z = n/2 + 1 - s(n/2 < s < n/2 + 2) is valid. Note 
further, that the local variables w and w(l) are the 
characteristics of the truncated equations, equations 
(10) and (20), at a/aY = a2/aY2 = a& = 0. Taking 
into account the equality (u,V)c, = (u2(&,/&, it is 
not difficult to verify that the local variables w and w(l), 
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corresponding to the local coordinates p and z, can be 
substituted by one continuous cyclic variable 

following formula (I< is the full first-kind elhpticai 
integral) 

T = T($“‘) = 

with the aid of which the solutions in the diffusional 

boundary layer and convective boundary-layer region 
of the wake inside of a droplet can be written as 

The matching of expressions (25) [in contrast to 
equations (16) and (22)] no longer involve any 
difficulties and can be easily done; in this case a direct 
computation of W in the region W\” with subsequent 
transition from the continuous coordinates to the local 

coordinate z leads to formula (23). The presence of 
logarithmic terms in equation (23) is due to the specific 
nature of the integrand where the liquid velocity uz is 
close to zero and is substantially inhomogeneous in 
l+V. 

Equation (20) corresponds to purely convective 

substance transfer without any changes along the 
streamlines. The concentration profile in WY) is 

governed by the concentration distribution at the 
‘outlet’ from the diffusional boundary layer d2. It is seen 
from formula (23) that in the convective boundary-layer 
region of the diffusional wake WY), there is a 

substantial delay with a characteristic time 4 In Fe [as 
always, it is assumed for W”,” that < = O(l)] and this 
delay is different on different streamlines < = const. 

This dispersion ofthe delay time is due to a nonuniform 
distribution of liquid velocities near the critical efflux 
point0 = 0;in thiscase,asitfolIowsfromequation(23), 

the substance transport near the flow axis (c < 1) is 
practically absent, and the delay is very large. At greater 
distances from the flow axis, the liquid velocity in the 
vicinity of the efflux point increases and the delay 
decreases. 

That the diffusional wake could fully develop (i.e. 
could ‘sprout’ through the entire droplet volume) and 
start to interact with the diffusional boundary layer d2, 
the continuous coordinate s, after it ‘moved’ along a 
fixed streamline near the Aow axis and ‘passed’ the 
vicinity of the forward stagnation point 0 = rr’, must 
arrive at the region d,. Then, due to a complete identity 
between the liquid velocity fields in the vicinities of the 
forward (0 = n) and rear (0 = 0) stagnation points, the 

time of delay should double. 
It follows from the above analysis that the region of 

applicability of the boundary-layer solution, equations 
(16)(18), is restricted by the interval 0 < t < T, where 
T is the characteristic time of delay 

T=lnPe-2ln~+gIn2=O(lnPe) (Peg,). 

(26) 

The characteristic time of delay T has a simple 
physical meaning. Namely, determine T from the 

- - 16l//‘2’. (27) b- 

which corresponds to the time required for a liquid 
element inside a droplet to make a complete turn along 
the closed streamline $@) = const.: which passes 

through the region of the diffusional boundary layer d, 
and also the convective boundary-layer region of the 

diffusional wake WC:), i.e. in the limit at 

Pe -+ X, tif2’ = PP--~‘~;, ; = O(l). (2X) 

As a result of the expansion of 1’($(2)). formulae (27) 
and (28) yield equation (26). 

The results obtained can be interpreted as fohows. 
Since the liquid flow velocity inside of a droplet is finite, 
then first, at small times t < T, a homogeneous 
concentration, coming from the bulk of the liquid, 

enters the region of the forward stagnation point h,. 
This takes place until the solution, which arrives from 
the ‘end’ of the boundary layer d2 into the diffusio~al 
wake Wz and which has been enriched at the expense of 
substance influx from outside through the droplet 
surface, will not arrive at the ‘origin’ of the diffusionai 

boundary layer after having travelled the whole path 
near the fiow axis. The characteristic time of substance 
transport in the diffusional wake of the droplet 
determines the region of applicability of the solution. 

equations (16)-(18), which at t > T ceases to correctly 
describe the distribution of concentration in the 

diffusional boundary layer (owing to a change in the 
‘Bow incidence’ conditions). 

Formula (26) allows a remark regarding the 
qualitative behaviour of the basic characteristics of 
mass transfer outside and inside a droplet. At very large 

Peclet numbers, such that In Pe > O(l), expression (26) 
yields T r 0( 1). The dimensionless characteristic 
relaxation time t, [3,6] from the diffusional boundary- 

layer solution, equations (16)~(18) is t, = O( 1) and is 
smaller than the characteristic time of delay, t, -r: 7’. 
This means that at very large Peclet numbers. the 
diffusional boundary layer located on each side of the 
droplet surface, manages to develop earlier than 
the internal boundary layer starts to interact with 
the internal diffusional wake generated by this layer 
[i.e. the steady-state solution 

can be considered as an intermediate asymptotic of the 
solution for a general unsteady-state problem in the 
regions d,]. This attaches a certain meaning to the 
steady-state solutions obtained in refs. [l, 2, 51. It 
follows from what has been said above that the 
dependence of the mean diffusional flux at the droplet 
surface on time should have a characteristic flat 
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segment corresponding to theintermediate ‘stationary’ 
regime. 

5. INTERMEDIATE STAGE OF THE PROCESS 

In the intermediate stage of the mass and heat 
transfer process at O(ln Pe) < t < O(Pe), the diffu- 
sional boundary layer equations, equation (16), still 
remain valid, but the solution here, in contrast to 
equations (16H18), is no longer a self-similar one, since 
it is necessary to take into account the mutual effect of 
the diffusional wake W, and of the boundary layer dz 
inside ofa droplet. As a result ofinteraction, the internal 
diffusional wake strongly ‘smears’ the diffusional 
boundary layer d2 (here one can notice already a 
marked qualitative distinction between the boundary 
layers outside and inside of a droplet) and this leads 
gradually to a substantial thickening of the internal 
boundary layer. In order to simplify the presentation 
and the mathematics, the study is limited to the 
dynamics of mass transfer process in the intermediate 
stage O(ln Pe) < t < O(Pe) for a purely internal 
problem, which is described by equation (4) with initial 
and boundary conditions, equation (8). 

The solution of the equation for the distribution of 
concentration in a diffusional boundary layer, equation 
(15) [to which the initial equation (10) is reduced after 
the substitution of variables, equation (14)], which 
satisfies the boundary and ‘initial’ conditions 

i=O,c’,d’= 1; <+co,c:d)+O; x+O,c(zd)-+f(~,w) 

(29) 

[the first two ofwhichfollow fromequation@)], has the 
form 

W = 
c2 W, i*, MC*, 4 &I* 

+ erfc 
I 

2[x - x( - tanh w/2)] 1’2 ’ 

(30) 

-exp[ -?I}. 

The function f([,w) is as yet unknown and will 
be determined later as part of the problem solution ; 
it is assumed that the second term of equation 
(30) containing the sign of the additional prob- 
ability function is, by definition, equal to zero at 
x-x( - tanh w/2) < 0. 

From the results of Section 4 [see equations (23)-(25) 
with equation (30) taken into account] it follows that 
the distribution of concentration of the substance 
(which is dissolved in the liquid and which arrives from 
the boundary layer) in the convective boundary-layer 
region of the diffusional wake W$‘), which corresponds 
to purely convective transport (without diffusion) along 

the streamlines, is determined as 

c2 
(1) = 

s 

m W, I*, xol_fK*, 4 K* 

0 

+ erfc 
i 

2[x, -x( - tanh G/2)] w ’ 

x0 = x(p = 1) = 2/3. (31) 

The solutions obtained, equations (30) and (31), 
should agree (match) with each other in the vicinity of 
the forward stagnation point at 0 NN x. By satisfying this 
condition, one can arrive at the following equation to 
determine the unknown function f 

f (L 4 = 
s 

OD ‘X i*, xolfK*, w - T) di* 
0 

+erfc 
i 

2[x,-x(-tanh (w-T)/2)]*” ’ 
(32) 

where T = T(c) is the characteristic time of delay, 
equation (26). 

The integral equation, equation (32), is the equation 
with a delayed argument in the cyclic variable o, 
therefore, for the problem to be correctly formulated, it 
is necessary to show the ‘pre-history’ of the function f: 

It is clear from the previous analysis (see Section 4) 
that the function f should satisfy the condition 

f=O at t-T<O, (33) 

which has a clear physical meaning of the finite nature 
of the velocity of convective substance transport along 
the streamlines (the fixed liquid element starts again to 
interact with the boundary layer at the same space 
point after it has completed its circulation along the 
closed streamline). 

Equation (32) can be presented in a more convenient 
‘standard’ form if the explicit form of the relation w 
= w(t, p), equation (14), is taken into account, and the 
unknown function f is redenoted as 

f&4 = fX,~L,Q, f(i,w- T) = fiK,p, t- T). (34) 

In such a presentation, the equation for fl, equations 
(32) and (34), depends parametrically on the coordinate 
~,whiletheinitialcondition,equation(33),isastandard 
one. For the characteristic delay time T in equations 
(32H34), one should use it as presented in equation (26). 

It is seen from equation (32) that at t -+ 03, f + 1 

[direct verification can easily show that f = 1 is an 
exact specific solution of equation (32) which, however, 
does not satisfy condition (34)]. This means that as a 
result of interaction, the internal diffusional wake W, 
strongly ‘smears’ the diffusional boundary layer d, and 
this leads to a substantial thickening of the boundary 
layer. Equation (32) remains valid until the linear 
approximation of the stream function near the droplet 
surface, and, consequently, equations (10) become 
already inapplicable for a correct description of the 
process. Using the procedure described, it is possible in 
much the same way to obtain a system of integral 
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equations with a delayed argument (to determine the 
unknown functions j and the surface concentration 
g = c~(~= i), which would correctly describe the 
dynamics of mass transfer outside and inside of a 
droplet in the intermediate stage of the process in the 

general case of commensurable phase resistances, 
equations (3)(6). 

6. AGREEMENT BETWEEN THE ASYMPTOTIC 

EXPANSIONS OF THE TRANSFORM AND INVERSE 

TRANSFORM FOR THE LAPLACE TRANSFORMATION 

In order to determine the asymptotic behaviour of 

the solution to equations (3H7) in the final stage of the 
process [at t > O(Pe)], one can make use of the 
following useful remark which allows the detection of 

many qualitative and quantitative aspects of the 
asymptotic behaviour of unsteady-state problems with 
small or large parameters by applying the Laplacee 

Carlson integral transformation. 
Suppose there is an (arbitrary) function X = X(t, c), 

which depends on time and a small (large) parameter r: 

(to save space, the dependence of X on spatial 
coordinates is omitted) and which in the limit 

c+o, T=cS(E)t=O(l), (35) 

is expanded into an asymptotic series in E (z is fixed) 

E + 0, X f 2 a,(a)X,(z); lim ‘?!? = 0. (36) 
n=” c-0 E” 

The variable z corresponds to a ‘fast’ or ‘slow’ time, 
depending on a specific function 6(e) selected [a most 
frequently encountered dependence is @a) = ~~1. 
Naturally, one can construct as many expansions of the 

type, equation (36), as one pleases by choosing different 
&E))s. In specific cases, when the function X = X(t, E) is 
the solution of a certain boundary-value problem, the 
choice of the dependence 6 = d(s) presents, as a rule, no 
difficulties [21, 29, 301. 

If X(t,&) is conformed with the inverse transform 

X(p, E) obtained by the Laplace-Carlson transform- 
ation 

R=X(p,e)=L*X, L*X=p 
s 

em pt X(r, 6) dt. 
0 

(37) 

In the space of inverse transforms, to series (36) there 
formally corresponds, by virtue of the properties of the 
operator L, the series 

E + 0, R A -f S(,(&)R,(q), q = &. (38) 
tl=Cl 

Note that the asymptotic expansion of the function 
X=X(p,&),series(37)ate-+Oandp= 6(E)q,Jql = O(1) 
is a unique one [30] for the prescribed asymptotic 
sequence r&s) and, consequently, coincides with 
equation (38). A comparison ofseries (36) and (38) with 
the above remark and relations (35) taken into account, 

shows that to the asymptotic series expansion of the 
function X in the space of inverse transforms at t: + 0 
and 1 p] = O(6), fi = d(a), there corresponds the 
expansions of the transform X at c --) 0 and t = 0( 1 id), 

and vice versa. These properties of asymptotic 
expansions make it possible to easily extend the results, 
obtained in the space of transforms, to the inverse 

transform. Some general statements regarding the 
conformity ofconvergence of series (36) and (38) can be 
obtained by simple reformulation of the theorem given 

in ref. [31]. As applied to the problems of convective 
heat and mass transfer, the said means that the 
‘contraction’(‘extension’)ofthecomplexparameterpin 
the space of transforms corresponds to ‘extension’ 

(‘contraction’) of the time t in the space of inverse 
transforms; in this case, the correspondence 
t = O(Pek) o IpI = O(Pe- “) is fulfilled. (Here, the most 
simple case of the power-law dependence of 6 on Pr, is 

given.) 

7. THE FINAL STAGE OF THE PROCESS 

After applying the Laplace-Carlson transformation 
for time, the problem, equations (3)(6), takes on the 
form 

p(C, -l)+(u,V)C, = K PeF’ AC, (1 < r < ,z), 

(39) 

pi!, + (u,V)C, = Pe ’ ACz (0 < r < l), (40) 

(41) 

Ci = Fi(r,p) = L*c,(r, t); i = 1,2. 

In order to carry out the analysis of the problem, 
equations (3)(6), one can make use of the remark made 
in Section 6, which establishes the correspondence 
between the asymptotic expansions of the boundary- 
value problems for the transform, equations (39)(41), 

and for the inverse transform, equations (3)-(6). 
Consider the limiting case 

Pe+rxj, p = 4 Pe-‘, 141 = O(l), (42) 

which, by virtue of the results obtained in Section 6, will 
correspond to the behaviour of the inverse transform c, 
at large times t = O(Pe). 

The solutions in the flow cores are sought in the form 
of regular expansions in negative powers of Peclet 
number 

Ci = CjG) + Pe- ‘C$) + , c$)/F$) = O(l), 

Ci,) = F$)(r, 0) (i = I,2 ; j = 0,l). (43) 

By substituting equation (43), with equation (42j 
taken into account, into equations and boundary 
conditions (39)-(41) and separating the terms at the 
same powers of Peclet number, one can obtain the 
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following relations for the first terms of the expansion in 
the flow core 

(u*V)C~~ = 0; r+co,f$~+l, (44) 

(ulV)# = JCAE~& - q(E',ql - 1) ; r -+ co, E’,el + 0, (45) 

(u,V)E’;I, = 0. 3 (46) 

(u,V)# = A&$ - q$,& (47) 

As earlier, a ‘stretched’variable Y is introduced in the 
outer and inner diffusional boundary layers, di, and the 
solution is sought in the form of expansions 

E. = E$d,) + Pe- 1/2Ei;‘) + . . , E$)/# = O(l), 

“‘ij”’ = E$‘( Y, II), (48) 

Y = Pe1/2(1-r), p = cos 0 (i = 1,2; j = 0,l). 

The substitution ofequation (48)into equations (39)- 
(41) with allowance for equation (42) and the sub- 
sequent series expansion in Pe- ‘I2 leads to the 
following boundary-layer equations and boundary 
conditions [the differential operator Ace has been de- 
termined in equation (lo)] 

A(i).c# = 0; i = 1,2, (49) 

iX$$ A(1). c’p1 = (1 -$/~)~y’_ 
ay 

-$Y(l-/L2) 

In the convective boundary-layer region of the 
diffusional wake WY) inside of a droplet the solution is 
sought in the form of the expansion 

-(I) E, = c20+ Pe- 1/2E$1] + . . . , $J/E$‘~ = O(l), 

E$;) = E(:j)(z, II), q = Pe’14p, (53) 

the terms of which satisfy the following equations 

(1 _z2)!?gi +,za;y _ 0, (54) 

(1 -z2)z +,,?$ = 2q2a;; ,a;y, 

Equations and boundary conditions (44H47), (49)- 
(52),(54)should be supplemented with theconditions of 
the asymptotic matching of solutions on general 

boundaries [21,29,30], i.e. the solutions in the cores of 
the outer and inner flow e, should match the solutions of 
the outer and inner diffusional boundary layer di; the 
solution in the convective boundary-layer region of the 
inner diffusional wake WY) should match the solution 
of the boundary layer d2 and the solution in the 
flow core inside of a droplet e,. For the main terms of 
the asymptotic expansions (43), (48), and (53) the 
conditions of matching are written as 

It follows from equations (44) and (46) that the zero 
terms of the expansion in the outer and inner flow core 
depend only on the stream function 

&) = &/(@i)) ; i = 1, 2. (56) 

The asymptotic solution of the problem, equations 
(39)-(41),will beconstructedinsuccessionstartingfrom 
the core of the outer flow 

e, + d, + d, + e2 G WL’). 

The boundary conditions at infinity, equations (44) 
and (45), and equations (45), with equation (56) taken 
into account, yield the first terms of the expansion in the 
flow core outside of a droplet in the form 

c$$ = 1 , c(,e] = 0. (57) 

A direct verification shows that the higher term of 
expansion of the outer diffusional boundary layer, 
being the solution of equation (49) at i = 1 and 
satisfying the condition ofmatching with the solution in 
the flow core, equations (55) and (57), has the form 

CYJ = 1. (58) 

Taking into account the equality cidd = 1 [which 
follows from equation (SS)], it is not difficult to verify in 
a similar way that the main term of the expansion of the 
inner diffusional boundary layer, which is the solution 
of equation (49) at i = 2 and which satisfies the 
boundary conditions on the droplet surface, equation 
(52), is determined by the expression 

Eyd = F(1). (59) 

The distribution of concentration in the convective 
boundary-layer region inside of a droplet W$‘) is 
determined by the solution of equation (54) with the 
boundary condition 1 z 1 + 1, C& = F( 1) [which follows 
from the condition for the matching ofthe solutions $2 
and $2, equation (55)] and has the form 

Ebb’ = F(1). (60) 

The condition for the matching of solutions in the 
regions d,, W$l) and e,, equation (55), by virtue of 
equations (59) and (60), specifies the boundary 
condition in the explicit form for the equation in the 
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flow core inside of a droplet 

*‘“’ = 0, c’2d = F(1). (61) 

Equation (46), the general solution of which ha‘s the 
form ofequation (56), and boundary condition (61) turn 
to be insufficient for the determination ofconcentration 
field in the flow core. In order to obtain the required 
additional information about the function c$$ one can 
make use of the equation for the next term ofexpansion 
(47). For convenience, introduce a new orthogonal 

system ofcoordinates $(‘), n, cp, which is associated with 
the streamlines (the fixed curves q = const. are 
orthogonal to the streamlines I+#‘) = const.) and which, 

accurate to stretching along ~‘2’($‘2’ + 4 = 161+V”), 

was used in ref. [ 1 l] 

* F (J(~) = $r2(l -r2) sin2 0, 
r4 cos4 0 

q = ~~ 
2r2-1 ’ 

4 (2r2 - 1)4 
‘11~ = r2 sin2 02’ ‘SS = 16r6 cos6 0~’ 

g+@ = r2 sin’ II, 

Z = Z(r,Q) = (1 -r’)’ cos’ 19+(2r~-l)~sin~ 0, (62) 

H = Y+&j&Jg~ 

(0<$<1/16,-co<q< +co). 

Equation (47) in the system of coordinates, equation 

(62), takes on the form 

The procedure which will be used is similar to a 
successive elimination of the secular (increasing) terms 
in the method of many scales [29, 303. Due to the 

continuity of the solution of the initial problem, 
equations (3H6), the following equality should hold 
along the fixed streamline IJ = const. 

c,(ll/, r = -co) = c,($, ‘I = + co), (64) 

which means that different points ($, -a) and 
($, + co) correspond, in the new coordinate system $, 
‘I, to the same point (l/,/2,8) in the former spherical 
coordinate system r, 0. The integration of equation (63) 
over q: - cc < q < + m, with equality (64) taken into 
account (the consequences of which are similar relations 
for all the terms of expansion of the solution transform 
in the flow core), leads to the following ordinary 

differential equation 

~0) = F(I),J(+) = ; J(1 +J<) 
[ J(&$) 

(4-35)E 

-(4_5-351~&$)1. (65) 

Here, E is the full elliptical second-kind integral, 7’ 
= 7’(11/) is the characteristic time ofdelay, equation (27). 
s’ = 16$. 

The coefficients of equation (65) have the following 
singularities: $ + 0, T($) = O(ln 11); $ + 1,‘16, J(ll/) 
= 0( 1/16-ti). The local analysis of equation (65) 
shows that the first derivative ryh is finite at zero, while 
the second is infinite and has a logarithmic singularity ; 
the second singularity at the point of generacy $ = 11’16 
determines two linearly independent solutions, one of 
which is infinite at $ --t 1,/16. This means that, besides 
the boundary condition, equation(61), the condition of 
the solution limitness at $ = l/16 should be used for 

equation (65). 
The expansion of the solution of equation (65) at 

$ + 0 has the form C :‘: = F(l)+A$+O($) [where 
A(q)q ’ is the transform of the mean concentration in 

the flow core]. Therefore, with regard for equation (58) 
and for the second equality in equation (57), the 
boundary conditions on the droplet surface. equation 
(52) (,j = 1) and at infinity (corresponding to the 

asymptotic matching in the regions c1 i d, and e2, d,) for 
the second terms of expansions in the regions of the 
inner and outer diffusional boundary layer have the 

form 

Y+ SC%, (;y/ --t :AY(l-/?). (66) 

Equations (50) and (51), the RHSs of which vanish 

because of equations (58) and (59) and boundary 
conditions (66) determine the second terms of the 

expansion in the outer and inner boundary layer of the 
droplet. 

It should be noted that the higher term of expansion 
in the flow core, which is determined by solving 

equation (65) is, due to equalities (59) and (60) 
uniformly adequate (in large Peclet number) over the 
entire flow region inside of a droplet. For this reason, 
c(2el) will be further replaced simply by cl<). 

Using the inverse transform, one obtains the 
following unsteady-state equation for the concentra- 
tion distribution inside of a droplet 

(67) 

z = 0, (‘20 = 0; I) = 0, c2(J = F(l)(ICZOI < cc). 

Equation (67) at F(1) = 1, after the replacement 
< = 16$ and c = 1 - czO, coincides with the Kronig- 

Brink mathematical model [ 11) suggested to describe 
the mass transfer process dynamics inside of a droplet at 
the limiting resistance of the dispersed phase, equations 
(4) and (8). Therefore, for the mean concentration, 
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corresponding to equation (67), one has 

<%I& = F(l) 
[ 

l- f u, exp ( - AA 1 (68) a=1 
aI = 0.6831, ~1~ = 0.0981, ag = 0.0813, 

a4 = 0.0618, ~1~ = 0.0057, 1, = 26.844, 

A2 = 137.91, A3 = 315.66, A, = 724.98, 

ii, = 1205.2. 
Here, the coefficients c(,,, and A,,, are such as given in 

ref. [9] ; at m = 1,2 the values of these coefficients, close 
to the above, are calculated in ref. [ 111. 

It follows from the above analysis that the results of 
ref. [l l] [corresponding to the solution of the internal 
problem, equations (4) and (8)] are applicable only in 
the final stage of the process at t > O(Pe) and are 
inapplicable in the initial [0 < t < O(ln Pe)] and 
intermediate [O(ln Pe) < t < O(Pe)] stages. 

Remark. In deriving equation (67), only the 
convective boundary-layer region of the diffusional 
wake W’i) was considered. Similarly, one can 
investigate the distribution of concentration in the 
regions of the rear and forward stagnation points WY’ 
and b,, and also of the inner region of the wake IV’). 
The equations for the main terms of asymptotic 
expansions of the concentration field in these regions in 
appropriate variables coincide with those obtained in 
ref. [26] and can be presented in terms of the sum of the 
first and second derivatives with the factors depending 
on coordinates. Therefore, all of these equations can 
have a particular solution equal to F(l), which satisfies 
the conditions of matching with all the main terms of 
expansions in the regions e,, d, and WY): This means 
that the solution of equation (67) is uniformly adequate 
in Peclet number over the entire region inside of a 
droplet (including also all the regions of the wake) at 
t > O(Pe). 

8. SOME GENERALIZATIONS 

The results of the asymptotic analysis carried out 
above can be easily extended to the general case of 
convective mass and heat transfer of a droplet of any 
shape in an arbitrary stationary two-dimensional flow 
of incompressible (ideal, viscous, etc.) liquid at 
commensurable phase resistances. 

The initial stage of the process 0 < t < O(ln Pe) 
Here, one can show that the distribution of 

concentration in diffusional boundary layers on each 
side of the droplet surface is prescribed as 

cl”’ = Ai + Bi erf lil 
2rcy[x(s) - x(a(o))] u2 > 

(i = 1,2), (69) 

C = Pe”’ *(‘) = Pe1l2 I$,, x = X(S) = 
s 

’ L1, ds, 
0 

w = w(t,s) = t- 
s 

' ds 
-; s = o(w(O,s)). 

so us 

HMT 27:8-J 

Here 5, s is the local system of coordinates naturally 
connected with the droplet surface JI’“’ = 0 [the 
coordinate 5 is directed along the normal and is 
reckoned from the droplet surface, while s is directed 
along the surface and is reckoned from the critical point 
of flow incidence s = s- = O(u&-) = 0), in the vicinity 
of which the liquid velocity is directed toward the 
droplet surface] ; u, = u,(s) > 0 is the liquid velocity on 
the interface surface ; the last identity in the system of 
equations (69) allows the determination of the 
functional dependence d = a(s); as earlier, the 
coefficients Ai and Bi are prescribed by relations (17) 
and (18); uS(so) # 0. 

Equation (69) is valid up to the critical runoff points 
s + : u,(s ‘) = 0, in the vicinity ofwhich the normal liquid 
velocity is directed from the droplet surface. If the 
interface surface has several critical incidence points s; 
(k = f,.. ., K), then there will be the same number of 
diffusional boundary layers located on each side of the 
droplet surface. The distribution of concentration in 
each of these boundary layers will also be determined 
by formulae (69), where the function u, and the lower 
limits in the integrals, which determine the variables x 
and co, should be replaced by Iu,I, s; and sko, 
respectively (sko is any nonsingular point in the interior 
of the kth boundary layer u,(sko) # 0) ; in this case, each 
boundary layer will have its own function cr. 

Using formulae (69), it is not difficult to obtain the 
distribution of concentration in diffusional boundary 
layers in the initial stage of the process in the case of 
convective mass transfer of a spherical droplet in an 
axisymmetriclinear shear flow, when the liquid velocity 
field outside and inside of a droplet is determined by the 
following dimensionless expressions for the stream 
function [32] 

t+V) = -~[2(fi+l)r3-(5~+2)+3fir-2] 

x sin2 0 cos 8, 1 < r < 00, (70) 

$(” = $r3(1 -r2) sin’ 8 cos 8, 0 ,< r < 1. 

The characteristic velocity scale in equation (70) was 
chosen to be U = aG@ + l)- ‘, where G is the shear 
factor. 

The flow field, equation (70), is characterized by the 
critical plane of incidence 6 = n/2, along which the 
streamlines arrive at the droplet surface from infinity, 
and by two runoff trajectories 0 = 0 and x, which 
‘emerge’ from isolated singular points on the droplet 
surface. The diffusional boundary layers, originating in 
the vicinity of the flow incidence line B = n/2, r = 1, are 
located on both sides near the droplet surface. 

Omitting the intermediate calculations (which are 
analogous to those used in ref. [33] for the limiting 
resistance of the continuous phase), one obtains that at 
commensurable phase resistances, equations (3H6), 
the distribution of concentration in diffusional 
boundary layers in the initial stage of the process in the 
case of linear shear flow around a spherical droplet, 
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equation (70), is determined by the formula 

ci”’ = A,+& erf 
3Pe li2 

{( ,> 
zK- 

X 
jr-lllcos 01 

[(sin2 0+em3’ cos2 B))2-1]“2 I . 
(71) 

Here, the following notation is introduced : T(i)=~\ydtl=#$$ J(ti)=C;;d?, 

Pe = a2G(p+ l)-‘D;‘, t = G(p+l))‘t,; 

the coefficients Ai and Bi are prescribed by expressions 
(17) and (18). 

Y = Y&L&J@ (75) 

The use of relations (19) and (71) yields the following 
formula for the mean Sherwood number 

Here, $, ‘1, rp is the orthogonal coordinate system 
connected with the stream function $ = I+#~), which 
determines the flow inside of a droplet ; the curvilinear 
coordinate q, orthogonal to $, is found by solving the 

equation (VJ/ - Vv) = 0 (for a plane case it should be 
assumed that g,+@ = 1, while in the axisymmetric case 
-that go+ = r2 sin* 0). In those cases when inside 
of a droplet there are several independent regions 

0, (j = 1,. , n) with completely closed streamlines 
and these regions are limited by singular (critical) 
streamlines or streamsurfaces which close on the 
droplet surface (in particular, in the case of linear shear 

flow around a spherical droplet, equation (70), one has 
j = 2 ; the flow at j = 4 was considered in refs. [7, 8]), 
equation (67) should be written and solved in- 
dependently in all the regions Rj (in this case, each 
region Qj has its own functions 7; and Jj), taking into 
account the fact that at z > O(1) the same amount of 
concentration, equal to F(l), is transported from the 
droplet surface to the singular streamlines. 

Sh = i (g coth tfr)]l’*, (72) 

where the parameter I is the root of equation (18). 

The intermediate stage qf the process O(ln Pe < t 
< O(Pe) 

The situation originating in this case is determined 

by the interaction of the diffusional boundary layer 
with the wake inside of a droplet (Fig. 1). For a purely 
internal problem, equations (4) and (29), when the flow 
field inside of a droplet has the same qualitative aspects 
as the Hadamard-Rybczinski flow, equation (7) (an 

axisymmetric case characterized by the presence of 
only two singular isolated critical points s- = 0 and s+ 
and by the absence of critical lines on the droplet 
surface), it can be shown in a general case that the 

distribution of concentration in the diffusional 
boundary layer is prescribed by the expression 

P-3 = 
c2 

s 
m (-36 i*, x)f(i*, 4 di* 

0 

+erfc 1 i 
qx -x((J(w))]“” 1 (73) 

Here, the variables [, x, w and the function B are the 
same as in formula (69), while the core of the integral 
operator f([,w) is found by solving the following 

equation with a delayed argument 

j-C’> W) = 
s 

cu G(L i*, x&o*> c.~ - T) di* 
0 

+ erfc 
i 

2[x,-x(a(w-T))]“* 
(74) 

It should be taken into account in solving equation 
(74) that the function f should satisfy the condition (34), 
while the characteristic time of delay T = O(ln Pe) is 
determined by the higher terms of the expansion of 
T = T(@*)) in the limiting case, equation (28). 

Thejnal stage of the process O(Pe) < t 
In this stage, the distribution of concentration 

outside of a droplet is virtually uniform and is governed 
by the respective value at infinity, while inside of a 
droplet there is a substantially unsteady-state process 
described by the boundary-value problem, equation 
(67), with the following expressions for equation 
coefficients 

9. SOME CONCLUSIONS AND REMARKS 

Summarizing the results of the aforegoing asymp- 
totic analysis, it is necessary to point out the following : 

(1) The boundary-layer solution, equations (16). 
(18), which for the linear case F(c,) = c(cl was obtained 
in refs. [3,4, 61, is valid only in the initial stage of the 
process (before the diffusional boundary-layer starts to 
interact with the wake inside of a droplet) at 0 < t 
< O(ln Pe) (this very interval of times determines also 
the region of applicability of the results of refs. [7, 81) 
and is inapplicable at t > O(ln Pe). 

(2) In the intermediate stage of the process 
O(ln Pe) Q t < O(Pe), characterized by intensive 
interaction between the inner boundary layer and the 
wake, the distribution concentration in the diffusional 
boundary layer (in the case when the resistance to 
transport is fully concentrated inside of a droplet) is 
prescribed by formula (31), where the function f is 
determined by the solution ofthe integral equation with 
a delayed argument, equation (33). 

(3) Equation (67), corresponding to the unsteady- 
state mass exchange between a droplet and a 
continuous medium at commensurable phase resis- 
tances, equations (3H7), is valid only in the final stage 
of the process at t > O(Pe) [and is inapplicable at 
t < O(Pe)] and in form [at F(1) = l] coincides with the 
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Kronig-Brink equation [11] obtained for a purely 
internal problem. 

The first and the third points mean that the 
characteristic dimensional time scale, which cor- 
responds to equations (16H18), is the quantity th, and 
that corresponding to equation (67), is the quantity t,,, 
equation (9). 

It is clear from the above why the results of many 
experimental investigations carried out at the limiting 
resistance of the dispersed phase are in a good 
agreement with the solution presented in ref. [ 1 l] and 
fail to agree with the solution suggested in refs. [3,4,6] 
(this comparison is carried out in ref. [8]). This is due to 
the fact that as yet there is no reliable experimental 
technique to investigate the initial (rapidly progressing) 
stage of the process, and the experiment correctly 
‘catches hold’ of only the final (slow) stage of the 
process, which is described by equation (67). 

The asymptotic analysis carried out should be used 
as a basis for the development of adequate finite- 
difference computational methods of investigation of 
similar unsteady-state problems with a small para- 
meter at higher derivatives. The results of numerical 
calculations carried out in refs. [12-203 can hardly be 
considered convincing, as the mesh steps of the grid 
used for the region near the flow axis were not made 
finer (moreover, the grid should be nonuniformin time), 
which is necessary to correctly account for the 
interaction between the diffusional boundary layer and 
the wake inside of a droplet. 

In view of the initial condition z = 0, czo = 0, the 
asymptotics of the solution of equation (67) is a 
‘through’ one in time t in the sense that in order to 
obtain a correct result at t = O(Pe) there is no need to 
know the previous nonuniform distribution of 
concentration in the flow at smaller times t = O(Ped), 
0 < 6 < 1. It should be noted that the equation and 
boundary condition on the droplet surface, equation 
(67), at t = O(Pe) can be obtained directly from the 
analysis of the unsteady-state problem, equations (3b 

(7), without resorting to the Laplace-Carlson 
transformation. But then, the problem would have 
remained unsolved regarding a correct specification of 
the initial condition for concentration distribution in 
the flow core at t = O(Pe), which is unknown at 
sufficiently large times O(ln Pe) < t < O(Pe) and may 
differ substantially from the initial uniform distribution 
c2 = 0 [in principle, it follows from nowhere that the 
initial condition for the ‘contracted’ variable z = Pe- l t 
can be ‘carried’ throughout the entire region 0 < t 
< O(Pe)]. 

The validity of equation (67) at t 2 O(Pe) means 
physically that at sufficiently large times (t > O(Pe)) a 
steady-state regime actually develops outside of the 
droplet, which corresponds to a uniform distribution of 
concentration in the flow, while inside ofa droplet there 
is a substantially unsteady-state process with constant 
concentration on its surface determined by the phase 
equilibrium condition (1) with a stationary uniform 
concentration field outside of the droplet (by this time 

the diffusional boundary layer and the diffusional wake 
have been actually smeared out and ceased to exist). 
Moreover, it follows from equality (60) that 
concentration on the flow axis inside of a droplet at 
t 2 O(Pe) has already become equal to that on its 
surface (due to multiple circulation of dissolved 
substance along the closed streamlines). 

It should be noted that though equations and 
boundary conditions, equations (3)-(6), have been 
formulated for a concentrational problem, all of the 
results obtained can easily be extended to a 
corresponding thermal problem which is described by 
equations and initial conditions, equations (3)-(5), at 
c1 = 0, and c2 = 0, with the following boundary 
conditions on the droplet surface 

x oi= ( T,,-T -----; 
Go- TI, 

i=1,2 ) 
> 

where T, K, and Izi are the instantaneous temperature, 
the temperature at the initial time and thermal 
conductivity of liquid outside (i = 1) and inside (i = 2) 
of the droplet, respectively. In particular, for the mean 
temperature distribution inside of a droplet at 
t > O(Pe), formula (68) remains to be valid at 
(cz) = (0,) and F(1) = 1. 

Investigate now the behaviour of the solution of 
equations (3H7) depending on a change in the droplet 
and surrounding liquid viscosity ratio fi. The analysis 
carried out corresponded to the case p = O(1) and, 
therefore, the final results did not depend on the 
parameter /3. In the limiting case B B 1, the flow inside 
of the droplet is practically absent (B = co corresponds 
to a solid particle). It is possible to show that at large 
Peclet numbers Pe, = aU,D;’ $ 1 [note that Pe, 
differs by a factor K@ + 1) from the Pe number used in 
equations (3H6)] and z = am2D,t, 2 O(l), the 
distribution of concentration (temperature) in the flow 
outside the particle is uniform (in the main 
approximation, of course) c1 = 1, while the distri- 
bution of concentration inside the particle is 
determined by the ordinary unsteady-state heat 
conduction equation [which corresponds to up = 0 in 
equation (4)] 

ac, aZ = AC,; z = 0, c2 = 0; r = 1, c2 = F(1). (76) 

The solution of equation (76) leads to the following 
expression for the mean concentration inside a droplet 

PI 

(c?) = F(1) 
6 * 1 

1Gx2 1 mZ exp(-&z) . (77) 
IX=1 1 

A comparison between formulae (68) and (77) shows 
that the order ofthe characteristic times required for the 
development of the unsteady-state heat and mass 
transfer process for a droplet with moderate (fl = O(1)) 



1274 A. D. POLYANlh 

2- 

t 
-Y 

\ \ 

* = 0.25 

__M’ 

Frc. 3 

and extremely high (fl 9 1) viscosity is the same and is 
determined by the quantity -a’D;‘. However, the 

decrements of solution decay at z + x differ 
(substantially) by a factor of 2.72. This means that the 
presence of liquid circulation inside of a droplet at p 

= O(1) enhances the process of convective mass and 
heat transfer as compared to a ‘solid’ droplet (B = xi), 
where the substance transport by circulation is absent. 

It should also be noted that even a substantial increase 
in the external flow velocity U,(Pe -+ co) exerts a weak 

effect on the degree of substance extraction from the 
droplet which is limited from above at Pe + ~CZ and is 

proportional to the decrement of mean concentration 

decay, equation (68). 
Remark. Equation (67) can also be used for the 

description of unsteady-state heat and mass transfer in 

one final stage of the process at t 2 O(Pe) and in some 
external problems, where the regions of closed 
circulation are formed near the body surface which are 
similar to the region shown in Fig. 3. In particular, this 
is the case when a circular cylinder freely rotates in the 

simplest linear shear flow [34] (see also ref. [35]) ; in this 
case at t 2 O(Pe) equation and initial condition (67) 
remain valid in the region with closed streamlines, but 
these should be supplemented with the boundary 

condition on the cylinder surface(at r = 1). In Fig. 3, the 
solid line shows a specific limiting streamline $ = l/4, 
which is the boundary ofthe regions with closed (0 d $ 
< 1/4j and open {l/4 < $ < co} streamlines. In the 
region with open streamlines at t > O(Pe), the 
concentration is practically uniform and is determined 

by its initial value c = 0. 
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EXTRACTION VARIABLE D’UNE GOUTTELETTE TOMBANTE AVEC UNE DEPENDANCE 
NON LINEAIRE DU COEFFICIENT DE DISTRIBUTION EN FONCTION DE LA 

CONCENTRATION 

RbumC-On prksente une analyse asymptotique du problZme de transfert variable de chaleur et de masse 
d’une gouttelette avec des rtsistances de,phase commensurables dans le cas des nombres de P&let 6lev6s. Le 
problkme est consider& non lintaire puisque dans la condition d’bquilibre entre phases g la surface de la goutte, 
la concentration d’une phase dispersie depend arbitrairement de la concentration de la phase continue. La 
dynamique du transfert de chaleur et de masse est qualitativement tres difftrente selon trois intervalles de 

temps CaractCristiques pendant lesquels les front&es dependent du nombre de P&let. 

INSTATIONARE EXTRAKTION AUS EINEM FALLENDEN TROPFEN MIT 
NICHTLINEARER ABHANGIGKEIT DES VERTEILUNGSKOEFFIZIENTEN VON DER 

KONZENTRATION 

ZusammenfassungpDas Problem des instationlren Wiirme- und Stoffiibergangs an einem Tropfen wurde 
mit Hilfe eines Ngherungsverfahrens untersucht, und zwar fiir den Fall, daB die Phasenwiderstiinde gleichartig 
und die Peclet-Zahlen grol3 sind. Das Problem wird als nichtlinear angesehen, wenn in der Randbedingung des 
Phasengleichgewichts an der TropfenoberllIche die Konzentration der dispersen Phase beliebig von der 
Konzentration der kontinuierlichen Phase abhingt. Es zeigt sich, dal) das dynamische Verhalten des WHrme- 
und Stoffiibergangs in drei charakteristischen Zeitintervallen qualitativ sehr unterschiedlich ist, wobei 
die zeitlichen Grenzen von der Peclet-Zahl abhlngen. Das erste Zeitintervall, 0 < t < O(ln Pe) (t ist die 
dimensionslose Zeit), ist durch die Ausbildung instationarer Dausions-Grenzschichten auf beiden Seiten der 
Tropfenoberfliiche (die zuniichst qualitativ identisch sind), gekennzeichnet. Die innere Grenzschicht erzeugt 
einen Diffusionsstrom in der Niihe der StrGmungsachse. W&rend des zweiten Zeitintervalls, O(ln Pe) < 
t i O(Pe) beginnt der im Innem entwickelte Diffusionsstrom die Grenzschicht zu beeinflussen; er “verschmiert” 
sie. Hier unterscheiden sich die Grenzschichten an der Innen- und an der AuBenseite des Tropfens bereits ganz 
wesentlich. In der Folge nimmt die Dicke der inneren Grenzschicht allmlhlich zu. Wlhrend des letzten 
Zeitintervalls, O(Pe) < t, ist eine weitere Umordnung des Konzentrationsfeldes zu beobachten, wonach die 
Grenzschichten praktisch nicht mehr existieren. Die Konzentration au8erhalb des Tropfens wird konstant 
und nimmt den Wert der ungestiirten Konzentration in grol3er Entfernung an, wlihrend sich im Inneren des 
Tropfens ein instationlrer Vorgang abspielt. Die Konzentration auf einer jeden Stromlinie hat sich bereits 
vollst%ndig ausgeglichen (infolge der wiederholten Zirkulation der Fliissigkeit entlang der geschlossenen 
Stromlinien), wlhrend senkrecht zu den Stromlinien ein Massentransport durch molekulare Diffusion 

stattfindet. 
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HECTAQMOHAPHAR 3KCTPAKuMII M3 nAAAKJqER KAnJII nPM HEJlMHEZiHOfi 
3ABMCHMOCTM KOS#@WL@iEHTA PACrIPEflEJIEHki5-l OT KOHUEHTPA4MI-I 

AmoTama-B pa6oTe npoBeneH acaMmoTwfecKHii a~am3 3aAaw o HecTaueOHapHoiv Macco- M 

Tennoo6MeHe KanJIPi npH COA3MepWMbIX (pa3OBbIX COnpOTBBneHHRX B Cny'lae 6OJfbIIIHX 'IHCeJ neK;le. 

3ana'ta paCCMaTpHBaeTCR B HeJIHHeiiHOii nOCTaHOBKe, KOrJ,a B TpaHHVHOM yCJIOBHN @a?OBOrO paB- 

HOBeCW, Ha nOBepXHOCTF4 KaIUIH KOHueHTpauIiZ4 LWCnepCHOti $a3bI npOH3BOJIb"bIM o6pa3oM 3aBllCHT 

OT KOHueHTpauAA CIIJlOlLIHOti @3bI. nOKa3aHO. '(To nmaMHKa npouecca Macco- H rennonepeHoca 

IlpOTeKaeTCCylUeCTBeHHbIMH Ka'ECTBeHHbIMII OTJlHYIIIMR Ha TpeX XapaKTepHbIX AH-PZpBaJIaX BpeMeHH. 

rpaHltub1 KOTOpbIX 3aBEiCIIT Or %iCJIii neKJIe. Ha IIepBOM HHTepBaJIe BpeMeHE4 01 I < O(IIl Pe) 

(/--6e3pa3MepHOe BpeM~)npO‘SCxO~rtT~OpMHpOBaH~e HeCTau~OHapHbIX&W$ySHOHHbIX IlOrpaHH'lHbIX 

CJIOeB II0 06eCTOpOHbI OT IIOBepXHOCTH Kan"M(KOTOpMe nOKa KaYeCTBeHHOaHaAOrHqHbl Dpyr Apyry). 

npH 3~0M BHyTpeHHllti nOrpaHAqHblti c,-Ioii nopo9naeT +WI$~ySHOHHbIii cnen, pacnono~eHHbIl B6mi3N 

OCB nOTOKa.Bo BTOpOM HHTepBaJIe BpeMeHM @III ff?)< t < O(Pe)pa3BHTbIii BHyTpeHHHti A@+y3UOH- 

HbIii C,Ieil HaWHaeT B3WMO&iCTBOBaTb C ,IOrpaHH',HblM C,lOeM H CHJIbHO "pa',MbIBaeT" ei-0 (3UeCb 

y9e norparrcnoe, pacnonoxeHHbIe BHe H BH~T~H Kanmt, CyIUeCTBeHHO pa3JU,'lalOTCJI), B pe3ynbraTe 

qer0 TOJIUHHa BHyTpeHHWO IIOQXiHCJOR nOCT’ZneHH0 3HiiYHTeJfbHO yBeJ,ltWBaelCn. Ha IlOCJIeAHeM 

mTepBane Bpehlealt O(Pe)< [ npoecxomi-r flanbeeiimas nepecTpoiiKa nom KoweHTpauea. 'IaK Y-l-0 

"OrpaHUlOll npaKTWfeCKA yW2 IlpeKpaTMnH CBOe CyLWCTBOBaHHe; npH 3TOM BH’Z KanJIA KOHWHTpkiUWl 

CTaHOBHTCIl nOCTOSIHHOii A PaBHOti HeB03MYIWHHOfi KOHMHTPWHW Ha 6eCKOHWHOC7H. 2% BHYTPH KaIIJlM 

npoTeKaeT CyUeCTBeHHO HeCTauROHapHbIir ngouecc, KOrAa ria KaWOii I$IHKCH~OB~HH~~ JMHHA TOK~ 

KOHueHTpauW, yxe IIOJIHOCTbEO BbIpaBH%-IaCb (3a Cw MHOTOKPaTHOti 4NPKYJIllUMH X(HAKOCTM 110 

3aMKHyTbIM AHHE~IM ToK~), a Macconepena4a ocymecrsnnercn ny-rehl MOJIeKyJISlpHOti Aa+$y3Hs B 

H2,IlpiiB,TeHHH, WZpneHAHKyJIXpHOM ZIMHHIIM TOKa. 


